Nongaussian and nonscale-invariant perturbations from tachyonic
  preheating in hybrid inflation by Barnaby, Neil & Cline, James M.
ar
X
iv
:a
str
o-
ph
/0
60
14
81
v2
  1
2 
M
ay
 2
00
6
Nongaussian and nonscale-invariant perturbations from tachyonic preheating in
hybrid inflation
Neil Barnaby, James M. Cline
Physics Department, McGill University, 3600 University Street, Montre´al, Que´bec, Canada H3A 2T8
e-mail: barnaby@hep.physics.mcgill.ca, jcline@physics.mcgill.ca
(Dated: January, 2006)
We show that in hybrid inflation it is possible to generate large second-order perturbations in
the cosmic microwave background due to the instability of the tachyonic field during preheating.
We carefully calculate this effect from the tachyon contribution to the gauge-invariant curvature
perturbation, clarifying some confusion in the literature concerning nonlocal terms in the tachyon
curvature perturbation; we show explicitly that such terms are absent. We quantitatively compute
the nongaussianity generated by the tachyon field during the preheating phase and translate the
experimental constraints on the nonlinearity parameter fNL into constraints on the parameters of
the model. We also show that nonscale-invariant second-order perturbations from the tachyon field
with spectral index n = 4 can become larger than the inflaton-generated first-order perturbations,
leading to stronger constraints than those coming from nongaussianity. The width of the excluded
region in terms of the logarithm of the dimensionless coupling g, grows linearly with the log of the
ratio of the Planck mass to the tachyon VEV, log(Mp/v); hence very large regions are ruled out if
the inflationary scale v is small. We apply these results to string-theoretic brane-antibrane inflation,
and find a stringent upper bound on the string coupling, gs < 10
−4.5.
PACS numbers: 11.25.Wx, 98.80.Cq
I. INTRODUCTION
Inflation [1] has become the dominant paradigm for the
generation of the anisotropies of the Cosmic Microwave
Background (CMB) (see [2, 3] for a review). During infla-
tion quantum fluctuations are redshifted out of the hori-
zon where they become “frozen” and later re-enter the
horizon after Big Bang Nucleosynthesis. Observation of
the temperature anisotropies of the CMB directly con-
strain the curvature perturbation somewhat before cos-
mological scales re-enter the horizon. Current observa-
tions show that the curvature perturbation is gaussian
with a scale-invariant spectrum to within experimental
limits, which is consistent with the predictions of infla-
tion. Nevertheless, some nongaussianity is expected to be
generated during inflation [4]-[8] (see [9] for a review). It
is interesting to study the level of nongaussianity, usually
parameterized by a dimensionless nonlinearity parameter
fNL, in various scenarios for inflation, since it can be an
important way to discriminate between different models.
For example, the curvaton mechanism [10] for the gener-
ation of cosmological perturbations may be ruled out by
future non-observation of nongaussianity [11] (see, how-
ever, [12]).
One way to generate significant levels of nongaussian-
ity at the end of inflation is by preheating [13]-[19].
Preheating refers to the nonperturbative production of
particles which arises either due to coherent oscillations
[20] or tachyonic (spinodal) instability [22]-[24] (see also
[25, 26]). It has also been suggested that preheating
might affect the first order variation of the curvature per-
turbation, perhaps dominating the contribution of the
inflaton and thus modifying the standard predictions of
inflation [27]-[30].
In this paper we carefully reconsider the generation
of nongaussian fluctuations from tachyonic preheating in
hybrid inflation [31] using second order cosmological per-
turbation theory similarly to [6, 32]. See [33] for con-
straints on the parameter space of hybrid inflation com-
ing from the WMAP data. During hybrid inflation the
inflaton field ϕ is displaced from its preferred value, and
inflation is driven by the false vacuum energy of the “wa-
terfall” or tachyon field σ which is trapped in its false
vacuum by interactions with the inflaton. When the in-
flaton reaches some critical value the tachyon effective
mass squared becomes negative and its fluctuations grow
exponentially due to the spinodal instability. The ex-
ponential growth continues until the fluctuations of the
tachyon start to oscillate about the true vaccuum. At this
stage the tachyon fluctuations become nonperturbative
and their back-reaction brings inflation to an end. Here
we study the evolution of the second-order curvature per-
turbation due to the tachyonic instability and find that it
can lead to a large level of nongaussianity, if the tachyon
was lighter than the Hubble scale mσ < 3H/2, during a
sufficient part of the inflationary epoch. (If mσ ≫ H ,
the fluctuations of σ are exponentially suppressed dur-
ing inflation.) In the hybrid inflation model, it can be
natural to have mσ < 3H/2 during inflation, since m
2
σ
changes sign at the end of inflation. If the inflaton is
rolling slowly enough, m2σ will naturally already be close
to zero even before the end of inflation, at the time of
horizon crossing.
The scenario is summarized as follows. During infla-
tion the squared mass of the tachyon field varies linearly
with the number of e-foldings of inflation, in the vicinity
of the point where it passes through zero: m2σ = cH
2N ,
taking N = 0 to be the value where m2σ = 0, and c is a
2function of the parameters of hybrid inflation. Inflation
starts at some N ≡ Ni < 0, and ends at N ≡ N∗ > 0,
for a total of Ne = −Ni + N∗ e-foldings. We are going
to limit our inquiry to regions of parameter space where
the linear behavior of m2σ is valid during the full du-
ration of inflation, since this technical assumption makes
the calculations tractable; however we will show that this
assumption must often be satisfied anyway, as a conse-
quence of the experimental limit on the inflationary spec-
tral index. At N = 0, fluctuations of the tachyon field
start to grow exponentially, and can make a large con-
tribution to the curvature perturbation at second order
in cosmological perturbation theory, resulting in a scale-
noninvariant component both in the CMB temperature
power spectrum, and its nongaussian correlations. Our
goal is to derive constraints on the parameter space of
hybrid inflation from these effects.
We start in section II by defining the perturbations up
to second order in the metric and inflationary fields. In
section III the hybrid inflation model is reviewed, starting
with the dynamics of the fields at zeroth order, and then
their first order perturbations, with emphasis on the dy-
namics of the tachyon field fluctuations toward the end of
inflation. In section IV we solve for the second order cur-
vature perturbation which is induced by the tachyonic
fluctuations. This is used in section V to compute the
bispectrum (three-point function) and the nonlinearity
parameter fNL, as well as contributions to the spectrum
itself. In section VI we incorporate experimental con-
straints on nongaussianity as well as on the spectrum, to
derive excluded regions in the parameter space of the hy-
brid inflation model. In section VII we consider the pos-
sibility of generating significant nongaussianity in brane
inflation. We conclude in section VIII, comparing our
results with previous treatments. We give technical de-
tails concerning mode functions in de Sitter space, the
second order perturbed Einstein equations, the inflaton
curvature perturbation, Fourier transforms of convolu-
tions, the construction of the tachyon curvature pertur-
bation and the approximation of an adiabatically varying
tachyon mass in appendices A-F.
II. METRIC AND MATTER PERTURBATIONS
In this section we write down the perturbations of the
metric and matter fields about a spatially flat Robertson-
Walker background following [6]. Greek indices run over
the full spacetime µ, ν = 0, 1, 2, 3 while latin indices run
only over the spatial directions i, j = 1, 2, 3. We will work
mostly in conformal time τ , related to cosmic time t by
dt = adτ . Differentiation with respect to conformal time
will be denoted by f ′ = ∂τf and with respect to cosmic
time by f˙ = ∂tf .
The metric is expanded up to second order in fluctua-
tions as
g00 = −a(τ)2
[
1 + 2φ(1) + φ(2)
]
(1)
g0i = a(τ)
2
[
∂iω
(1) +
1
2
∂iω
(2) + ω
(2)
i
]
(2)
gij = a(τ)
2
[
(1 − 2ψ(1) − ψ(2))δij +Dij(χ(1) + 1
2
χ(2))
+
1
2
(∂iχ
(2)
j + ∂jχ
(2)
i + χ
(2)
ij )
]
(3)
whereDij = ∂i∂j− 13δij∂k∂k is a trace-free operator. The
fluctuations are decomposed such that the vector pertur-
bations are transverse ∂iω
(2)
i = ∂
iχ
(2)
i = 0 while the
tensor perturbations are transverse, traceless and sym-
metric: ∂iχ
(2)
ij = 0, χ
i(2)
i = 0, χ
(2)
ij = χ
(2)
ji . In the above
we have neglected the vector and tensor perturbations at
first order, which are small, since vector perturbations
decay with time, while tensors are suppressed by the
slow roll parameter ǫ. The same is not true at second
order, however, since the second order tensors and vec-
tors are sourced by the first order scalar perturbations.
We adopt the generalized longitudinal gauge defined by
ω(1) = ω(2) = ω
(2)
i = 0 and χ
(1) = χ(2) = 0. The metric
in this gauge becomes
g00 = −a(τ)2
[
1 + 2φ(1) + φ(2)
]
(4)
g0i = 0 (5)
gij = a(τ)
2
[
(1 − 2ψ(1) − ψ(2)) δij
+
1
2
(∂iχ
(2)
j + ∂jχ
(2)
i + χ
(2)
ij )
]
. (6)
In hybrid inflation the matter content consists of two
scalar fields which are expanded in perturbation theory
as
ϕ(τ, ~x) = ϕ0(τ) + δ
(1)ϕ(τ, ~x) +
1
2
δ(2)ϕ(τ, ~x) (7)
σ(τ, ~x) = σ0(τ) + δ
(1)σ(τ, ~x) +
1
2
δ(2)σ(τ, ~x). (8)
where ϕ is the inflaton and σ the tachyon (or “waterfall”
field). In hybrid inflation the time-dependent vacuum
expectation value (VEV) of the tachyon field is set to
zero σ0(τ) = 0, about which we will say more later.
The perturbations are defined so that 〈δ(i)ϕ〉 = 0,
hence 〈ϕ(τ, ~x)〉 = ϕ0(τ). At first order in perturbation
theory this is automatic since δ(1)ϕ contains only one an-
nihilation/creation operator. However, at higher order in
perturbation theory the homogeneous k = 0 mode of the
fluctuation must be subtracted by hand in order to en-
sure that all of the zero mode of the field is described by
the nonperturbation background.
The Einstein tensor and stress-energy tensor expanded
up to second order in perturbation theory can be found
in [32]. We do not reproduce these results here, but we
have carefully checked all the results from [32] which are
relevant for our analysis.
3III. HYBRID INFLATION
We consider hybrid inflation in which both the inflaton
and the tachyon are real fields with the potential
V (ϕ, σ) =
λ
4
(
σ2 − v2)2 + m2ϕ
2
ϕ2 +
g2
2
ϕ2σ2. (9)
This potential will give rise to topological defects at
the end of inflation—domain walls in the σ field—which
could produce large nongaussianities apart from the ones
which we consider ([34]). But these domain walls must
somehow be rendered unstable to avoid overclosure of
the universe, for example through the addition of a small
term like µσ3 to (9). We will ignore this issue here. It
would be interesting to consider a complex tachyon field
[67] whose defects formed at the end of inflation are cos-
mic strings, which are much more phenomenologically
viable than domain walls.
A. Background Dynamics
At the homogeneous level, the usual Friedmann and
Klein-Gordon equations for the scale factor and the mat-
ter fields are
3H2 =
κ2
2
(
ϕ˙20 + σ˙
2
0
)
+ κ2V, (10)
0 = ϕ¨0 + 3Hϕ˙0 +
∂V
∂ϕ
(11)
0 = σ¨0 + 3Hσ˙0 +
∂V
∂σ
(12)
where κ2 = M−2p = 8πGN . Here and elsewhere the po-
tential and its derivatives are understood to be evalu-
ated on the background values of the fields so that V =
V (ϕ0, σ0) and ∂V/∂ϕ = ∂V/∂ϕ|{ϕ=ϕ0,σ=σ0}, for exam-
ple. For the potential (9) we have ∂V/∂σ = ∂2V/∂σ∂ϕ =
0, provided that σ0 = 0. We will apply this simplification
to all subsequent results.
To see why one should set σ0(τ) = 0, notice that the
tachyon effective mass is m2σ = g
2ϕ20 − λv2 > 0. That
is, the tachyon mass squared starts out being positive
during inflation. Provided that there was a long enough
prior period of inflation, any initial departure of σ from
zero would be exponentially damped. At some point,
m2σ becomes negative, and the tachyonic instability be-
gins. However, it is still true that σ0(τ) remains zero
even then, since the universe will consist of equal num-
bers of domains with σ > 0 and σ < 0. On average, these
give zero, which is the definition of the zeroth order field
σ0. The departures of σ from zero between domain walls
which form are taken account in the fluctuations of the
field. Thus it is consistent to set σ0(τ) = 0 for all times
in our analysis. (Notice that the situation would be dif-
ferent if we considered a complex scalar field σ in which
case the phase transition would lead to cosmic string for-
mation and the radial degree of freedom |σ| would not
average to zero at late times.)
We will make extensive use of the slow roll parameters,
defined by
ǫ =
κ2
2
ϕ˙20
H2
= − H˙
H2
∼= M
2
p
2V 2
(
∂V
∂ϕ
)2
,
ǫ− η = ϕ¨0
Hϕ˙0
∼= ǫ− M
2
p
V
(
∂2V
∂ϕ2
)
so that, during inflation
η ∼= 4 M
2
p m
2
ϕ
λ v4
, ǫ ∼= 8
(
Mpm
2
ϕ ϕ0
λ v4
)2
(13)
Notice that if m2ϕϕ
2
0 ≪ λv4, then ǫ ≪ η. This is equiv-
alent to demanding that the false vacuum energy of the
tachyon dominates during inflation, which is the assump-
tion usually made for hybrid inflation:
V (ϕ0, σ0 = 0) =
λv4
4
+
m2ϕ
2
ϕ20
∼= λv
4
4
.
During the slow roll phase the inflaton equation of mo-
tion 3Hϕ˙0 +m
2
ϕϕ0
∼= 0 has solution
ϕ0(t) = ϕs exp
(
−m
2
ϕ(t− ts)
3H
)
= ϕs
(
a(t)
as
)−η
(14)
where we used a(t) = ase
H(t−ts), with ts an arbitrary
time. The Hubble scale remains approximately constant,
3H2 ∼= λv4/(4M2p ). Since ϕ0 is decreasing and σ0 = 0,
the slow roll parameter ǫ actually decreases slowly during
inflation while η remains constant.
B. Inflationary Dynamics of First Order
Fluctuations
Having argued that the background inflaton field ϕ0 is
described by (14) with H approximately constant during
both inflation and the tachyonic instability phase, we now
briefly discuss the dynamics of the first order metric and
inflaton fluctuations for ǫ, η ≪ 1. This section is largely
review since when σ0 = 0 the first order metric and infla-
ton perturbations obey exactly the same equations as in
single field inflation; however, we include some details of
the calculations since similar equations will arise when we
study the second order metric fluctuations.1 We work in
conformal time which is most convenient for the ensuing
calculations.
1 As will be shown, the second order metric fluctuation φ(2) obeys
an inhomogeneous equation where the differential operator is
identical to the one which determines the dynamics of φ(1); thus
an understanding of the first order solutions simplifies the con-
struction of the Green function for the second order fluctuations.
4The δ(1)Gij = κ
2δ(1)T ij Einstein equation for i 6= j
implies that φ(1) = ψ(1) which is a well known result. We
apply this simplification in the following. The δ(1)G0i =
κ2δ(1)T 0i Einstein equation is a constraint
φ′(1) +Hφ(1) = κ
2
2
ϕ′0 δ
(1)ϕ (15)
which means that the first order metric perturbation φ(1)
and the first order inflaton perturbation δ(1)ϕ are not
independent. Once either φ(1) or δ(1)ϕ is known, the
other may be computed from (15), though it is simplest
to solve for φ(1) and use (15) to compute δ(1)ϕ. One
obtains a dynamical equation for the metric perturbation
by applying (15) to the sum of δ(1)G00 = κ
2δ(1)T 00 and
δ(1)Gii = κ
2δ(1)T ii Einstein equations. The result is
φ
′′(1)
k +2
(
H− ϕ
′′
0
ϕ′0
)
φ
′(1)
k +
[
2
(
H′ −Hϕ
′′
0
ϕ′0
)
+ k2
]
φ
(1)
k = 0.
(16)
Notice that the perturbed Klein-Gordon equation for the
inflaton is not needed to close the system of equations.
We discuss the slow roll solutions of (16) in some detail
since later on we will need to construct the Green func-
tion for the operator in the left-hand-side of (16).
The conformal time slow roll parameters are
ǫ = 1− H
′
H2 =
κ2
2
ϕ′20
H2 , (17)
ǫ− η = ϕ
′′
0
Hϕ′0
− 1. (18)
During a pure deSitter phase ǫ = η = 0 and the scale fac-
tor evolves as a(τ) = −1/(Hτ) with H constant. During
inflation, however, the Hubble scale evolves slowly as (17)
so that for small ǫ one has [2]
a(τ) = − 1
Hτ
1
1− ǫ
and
H = a
′
a
= a˙ = aH =
−1
τ(1 − ǫ) . (19)
Note that during a slow roll phase we can treat ǫ and η as
constant (even though H is not exactly constant) since
ǫ′, η′ are second order in slow roll parameters:
ǫ′ = −2ǫ(η − 2ǫ)H ≪ ǫH, η′ = 2ǫ ηH≪ ηH.
The above equality for η′ is only strictly correct if
∂3V/∂ϕ3 = 0 which is true in the case of interest. The
statement that the slow roll parameters are approxi-
mately constant is, however, quite general.2
2 Of course this statement generalizes to cosmic time as well.
The dynamical equation for φ(1) (16) can be rewritten
in terms of the slow roll parameters as
φ
′′(1)
k −
2
τ
(η − ǫ)φ′(1)k +
[
2
τ2
(η − 2ǫ) + k2
]
φ
(1)
k = 0 (20)
where we used (19) and dropped higher order terms in
ǫ, η. Treating the slow roll parameters as constant, the
equation (20) has an exact solution
φ
(1)
k (τ) = (−τ)1/2+η−ǫ
[
c1(k)H
(1)
ν (−kτ) + c2(k)H(2)ν (−kτ)
]
(21)
where ν ∼= 1/2 + (3ǫ − η) to lowest order in slow roll
parameters.
It remains to fix the coefficients c1(k), c2(k) in (21).
The variable in terms of which the action is canonically
normalized is the Mukhanov variable [3]
V
(1)
k = a
[
δ(1)ϕk +
ϕ′0
H φ
(1)
k
]
where the inflaton fluctuation is solved for using the con-
straint equation (15). We fix c1(k), c2(k) by requiring
that V
(1)
k
∼= e−ikτ/
√
2k on small scales −kτ ≫ 1 which
corresponds to the usual Bunch-Davies vacuum choice.
This leads to
c1(k) = i
H
Mp
√
πǫ
2
exp
[
iπ
2 (ν + 1/2)
]
2k
, c2(k) = 0.
The solution for the metric perturbation, then, is
φ
(1)
k (τ) = i
√
πǫ
2
H
Mp
exp
[
iπ
2 (ν + 1/2)
]
2k
× (−τ)1/2+η−ǫH(1)ν (−kτ). (22)
It is straightforward to construct the inflaton fluctuation
using (15). One may also compute the comoving cur-
vature perturbation at first order, R(1)k = HV (1)k /(aϕ′0),
and verify that the solution (22) reproduces the usual in-
flationary prediction for the power spectrum. One may
also verify that in the limit ǫ → 0 and η → 0 the analy-
sis of this subsection reproduces deSitter mode functions,
which are discussed in appendix A.
C. Conditions for a slowly varying tachyon mass
Now we come to an important point for this paper,
that if η is sufficiently small, then the tachyon is also a
light field during some part of the observable period of
inflation. The tachyon mass is given by m2σ = −λv2 +
g2ϕ20(t). If we choose the arbitrary time ts in (14) to be
when m2σ = 0, then g
2ϕ2s = λv
2, and
m2σ = −λv2
(
1−
(
a(t)
as
)−2η)
∼= −2ηλv2H(t− ts)
= −2ηλv2N (23)
5where N is the number of e-foldings of inflation occurring
after the tachyonic instability begins. At some maximum
value N = N∗, inflation will end. If the inflaton rolls
slowly enough, then the tachyon mass remains close to
zero for a significant number of e-foldings. In general, we
will have −Ni ≡ Ne − N∗ e-foldings of inflation before
the spinodal time, followed by N∗ e-foldings during the
preheating phase.
The approximation in (23), that the tachyonic mass
changes slowly enough for its time dependence to be
approximated as linear, is true so long as |2ηN | ≪ 1.
This can be rephrased using the definition of η in (13),
and eliminating m2ϕ using the COBE normalization of
the inflationary power spectrum: V/(M4p ǫ)
∼= 150π2(2 ×
10−5)2 = 6 × 10−7 (see for example ref. [21]). Using
V = 14λv
4 and eq. (13) for ǫ, the COBE normalization
gives
m2ϕ
∼= 230 gλ v
5
M3p
(24)
Then with N ∼ 60, the requirement |2ηN | < 1 becomes
g < 10−5
Mp
v
(25)
Interestingly, the bound (25) turns out to be a require-
ment that must often be satisfied for different reasons,
namely the experimental limit on the spectral index of
the first-order inflaton fluctuations. In terms of the slow-
roll parameters, the deviation of the spectral index from
unity is given by
n− 1 = 2η − 6ǫ ∼= 2η
where we have used the fact that ǫ≪ η in hybrid inflation
(this is equivalent to the requirement that the energy den-
sity which drives inflation is dominated by λv4/4). The
experimental constraint on the spectral index is roughly
|n− 1| <∼ 10−1. Writing η in terms of model parameters
this translates into the constraint
g
v
Mp
<∼ 5× 10−5 (26)
This is just five times weaker than the technical assump-
tion (25).
In passing, we note that there is also a lower bound
on g from the assumption that the false vacuum energy
density is dominated by λv4/4 > m2φϕ
2
0/2. Using g
2ϕ2s =
λv2 and (24), one finds
g > 460λ
v3
M3p
(27)
D. Tachyonic Instability
To quantify the evolution of the tachyonic instability
at the end of inflation, we consider the equation of motion
for the tachyon field fluctuation in Fourier space,
δ(1)σ¨k + 3Hδ
(1)σ˙k +
[
k2
a2
+
(
g2ϕ20 − λv2
)]
δ(1)σk = 0.
(28)
Once ϕ0 < λ
1/2v/g the tachyon effective mass parameter
∂2V/∂σ2 becomes negative and the fluctuations δ(1)σ are
amplified due to the spinodal instability. The efficient
transfer of energy from the false vacuum energy λv4/4 to
the fluctuations δ(1)σ is refered to as tachyonic preheating
in the literature [22]-[24].
The initial studies of tachyonic preheating focused
on the flat space dynamics of δ(1)σk in the instanta-
neous quench approximation. In this approximation the
field δ(1)σ is initially assumed to have zero mass and at
t = 0 a negative mass squared term −|m2σ|(δ(1)σ)2/2 is
turned on. We briefly review these dynamics here fol-
lowing closely [22]. Initially the tachyon has the usual
Minkowski space mode functions e−ikt+i
~k·~x/
√
2k 3. Once
the negative mass squared term is turned on the modes
with k = |~k| < |mσ| grow exponentially with a dispersion
〈
(δ(1)σ)2
〉
=
1
4π2
∫ |mσ|
0
dk k e2t
√
|m2σ|−k
2
(29)
=
|m2σ|
4π2α2
(
eα(α− 1) + 1
)
; α ≡ 2|mσ|t
which produces a spectrum with an effective cutoff
kmax = |mσ|. The tachyonic growth persists until the
dispersion saturates at the value
〈
(δ(1)σ)2
〉1/2 ∼= v
2
(30)
at which point the curvature of the effective potential
vanishes and the tachyonic growth is replaced by oscil-
lations about the true vacuum. This process completes
within a time
ts ∼ 1
2|mσ| ln
(
π2
λ
)
(31)
which we call the spinodal time. At this point a large
fraction of the vacuum energy λv4/4 has been converted
into gradient energy of the field δ(1)σ so that the universe
is divided into domains with
〈
(δ(1)σ)2
〉1/2
= ±v of size
l ∼ |mσ|−1 and on average one still has 〈σ〉 = 0 so that
σ0(t) = 0. These analytical argument are backed up by
semi-classical lattice field theory simulations in [22, 23].
The discussion of the dynamics of tachyonic preheat-
ing above apply strictly only in Minkowski space. The
dynamics of tachyonic preheating including the dynamics
3 Even in deSitter space the Bunch-Davies vacuum choice will en-
sure that this behaviour is respected on small scales k ≫ aH
regardless of the tachyon mass during inflation. See appendix A
for a review.
6of the inflaton but neglecting the expansion of the uni-
verse were considered in [24]. The dynamics of tachyonic
preheating including both the dynamics of the inflaton
and the expansion of the universe were considered in [35]
wherein the authors reach conclusions identical to those
discussed above. The authors of [35] also find that the
spinodal time is somewhat modified from (31) due to the
background dynamics (see also [36, 37]).
Notice that we do not need to replace the average of
the fluctuations
〈
(δ(1)σ)2
〉1/2
with an effective homoge-
neous background σ0(τ) because we work to second order
in perturbation theory and the effect of these fluctua-
tions enters into the calculation through the second or-
der perturbed energy momentum tensor
〈
δ(2)T µν
〉
. When〈
δ(2)T µν
〉
becomes sufficiently large the backreaction will
stop inflation. We take (30) as our criterion for the end
of inflation. We have checked numerically that this is
a somewhat more stringent constraint than demanding
that the energy density in the fluctuations δ(1)σ does not
dominate over the false vacuum energy which drives in-
flation λv4/4.
In the present work, we are interested in a situation
which is different from the instantaneous quench, where
the instability may turn on slowly compared to the Hub-
ble expansion, rather than suddenly. We are approximat-
ing the time dependence of the tachyon mass as being
linear around the time when it vanishes, eq. (23), so the
mode equation can be written in the form
d2
dN2
δ(1)σk + 3
d
dN
δ(1)σk +
[
kˆ2e−2N − cN
]
δ(1)σk = 0.
(32)
where N = H(t − ts), kˆ ≡ k/H and, incorporating the
COBE normalization as in (24),
c ∼= 22000 gMp/v . (33)
From eq. (25), c is limited to values
c≪
(
Mp
v
)2
(34)
for the validity of the approximation that the tachyon
mass squared varies linearly with time. The quantum
mechanical solution in terms of annihilation and creation
operators ak, a
†
k has the usual form
4
δ(1)σ(x) =
∫
d 3k
(2π)3/2
ak ξk(N) e
ikx + h.c. (35)
but the mode functions ξk will be complicated by the
time-dependence of the tachyon mass. We normalize the
mode functions ξk according to the usual Bunch-Davies
4 Our conventions for fourier transforms and mode functions are
discussed in detail in appendix D.
prescription which is discussed in subsection III B and
also in appendix A.
Since (32) has no closed-form solution, we approxi-
mate it in two regions. First, when kˆ2e−2N > c|N |,
we ignore the mass term and use the massless solutions,
ξk ∼ a−3/2H(1)3/2(kˆe−N). We match this onto the solu-
tion in the region where kˆ2e−2N < c|N |, where the term
kˆ2e−2N is ignored in the equation of motion. The tran-
sition between the two regions occurs at different times
Nk for different wavelengths, given implicitly by
Nk = ln
kˆ√
c
− ln
√
|Nk| (36)
This is a multivalued function of x ≡ kˆ/√c, because for
x < (2e)−1/2, the kˆ2 term in the differential equation
comes to dominate again for a short period around N =
0, the moment when the tachyon is massless. To deal
with this, we are going to assume that the solution is
still well-approximated by the massive one during this
short period. This amounts to replacing the multivalued
function with the single-valued one shown in figure 1.
We checked this approximation in conjunction with other
approximations we will make for the mode functions, as
described below eq. (39).
FIG. 1: Exact solution and our approximation for the function
Nk in eq. (36).
In the second region, with N > Nk, the solutions are
approximated by Airy functions, but it is more conve-
nient to use the WKB approximation to obtain an ex-
pression in terms of elementary functions. Ignoring over-
all phases, in this way we obtain
ξk ∼=


(
2Hkˆ3
)−1/2 (
1 + ikˆe−N
)
, N < Nk
bk e
− 3
2
N+ 9
4c z
3/2
(1 + |z|)−1/4, N > Nk
(37)
7with
bk =
1− i
√
c|Nk|√
2H(c|Nk|)3/4
(1 + |zk|)1/4
exp
(
9
4cz
3/2
k
) (38)
and
z ≡
(
1 +
4
9
cN
)
; zk ≡
(
1 +
4
9
cNk
)
(39)
In the above expressions, we have for simplicity matched
the amplitudes but not derivatives of the solutions at
N = Nk. This will not affect the estimates we make be-
low. We used (36) to reexpress exponential dependence
on Nk as power law dependence. Notice that exponent
in (38) becomes purely imaginary when 49cNk < −1. We
also replaced |z|1/4 → (1 + |z|)1/4 to correct the spuri-
ous singularity at z = 0 where the WKB approximation
breaks down. We numerically verified that this gives a
good approximation to the exact Airy function solutions.
Moreover, we have checked the approximate solution
by numerically integrating the mode equations, starting
from the small-N region k2e−2N ≫ c|N |, where the mass-
less solutions with known amplitude tell us the initial
conditions, and integrating into the large-N region where
the exponential growth due to the tachyonic instability
becomes important. We did this for two orthogonal solu-
tions to the mode equations, ξ1,2, whose behavior in the
small-N region is
ξ1 = (2Hk
3)−1e−N
(
k cos(ke−N )− sin(ke−N ))
ξ2 = (2Hk
3)−1e−N
(
k sin(ke−N ) + cos(ke−N )
)
Evolving these initial conditions to large N , the enve-
lope of these functions, which is also the modulus of the
complex solutions, is ξ =
√
ξ21 + ξ
2
2 . We compared this
numerical solution to the modulus |ξk| of our approxima-
tion (37) for a large range of c and k values. In the large
N -region, |ξk| agrees with ξ up to a numerical factor of
order unity. This factor, the ratio of the actual solution
to the approximation, is shown in figure (2). Because the
exponential growth of the mode function is a very steep
function of N , these small errors have an imperceptible
effect on the exclusion plots we will present in section VI.
Furthermore, we have checked which values of c and k ac-
tually give constraints in the parameter space of the hy-
brid inflation model below, and found that in the regions
where c is large, k is exponentially small. Extrapolating
the results of figure (2) indicates that the error becomes
quite small as k → 0. Therefore our approximations for
the mode functions are quite good for the purposes of
this paper.
With the above approximate solution, we are in a po-
sition to recompute the dispersion of the tachyon fluctu-
ations in the case of a more slowly varying tachyon mass,
〈(δ(1)σ)2〉 = (2π)−3 ∫ d3k|ξk|2. Following the discussion
of subsection IIID, we set this equal to v2/4 at the end
of inflation, N = N∗:∫
d3k
(2π)3
|ξk|2
∣∣∣∣
N=N∗
=
v2
4
(40)
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FIG. 2: Ratio of the exact mode functions to the approxima-
tion (37), at large times.
which implicitly determines N∗ in terms of parameters of
the hybrid inflation model,
N∗ = N∗ (g, λ, v/Mp) (41)
The main contribution to the integral at N = N∗ comes
from wave numbers for which the exponentially grow-
ing solution in (37) applies. These modes satisfy k <
kmax ≡ HeN∗
√
cN∗. We have numerically performed
the integral for a wide range of values of c and N∗.
The result is displayed in figure 3, where contours of
lnM2p/λv
2 are shown in the plane of N∗ and ln c. Re-
call that c = 22000 g (Mp/v), eq. (33).
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FIG. 3: Contours of lnM2p/λv
2 in the plane of N∗ and ln c.
8IV. SECOND ORDER FLUCTUATIONS IN THE
LONG WAVELENGTH APPROXIMATION
A. The Master Equation
The authors of [32] have derived a “master equation”
for the second order potential φ(2) which can be written
as
φ′′(2) + 2H(η − ǫ)φ′(2) + [2H2(η − 2ǫ)− ∂k∂k]φ(2)
= J(τ, ~x) (42)
where the source terms are constructed entirely from
first order quantities and can be split into inflaton and
tachyon contributions
J(τ, ~x) = Jσ(τ, ~x) + Jϕ(τ, ~x).
Although we have explicitly inserted the slow roll param-
eters, equation (42) is quite general and we have not yet
assumed that η, ǫ are small (although recall that we have
set σ0 = 0). We have verified both the second order Ein-
stein equations and the master equation presented in [32]
and these results are discussed in appendix B.
Because the equation (42) is linear we can split the
solutions φ(2) into three parts: the solution to the homo-
geneous equation, the particular solution due to the infla-
ton souce and the particular solution due to the tachyon
source. The solution to the homogeneous equation will be
proportional to φ(1) since the differential operator on the
left hand side of (42) is identical to the operator which
determines φ(1), equation (16). In cosmological perturba-
tion theory the split between background quantities and
fluctuations is unambigiuous, since background quanti-
ties depend only on time while fluctuations depend on
both position and time. However, the split between first
order and second order fluctuations is arbitrary and the
freedom to include in the solution for φ(2) a contribution
which is proportional to φ(1) reflects this. We fix this
ambiguity by including only the particular solutions for
φ(2) which is due to the source, J(τ, ~x).
During the preheating phase the tachyon fluctuations
are amplified by a factor v/H and so Jσ will come to
dominate. This implies that the particular solution for
φ(2) which is due to Jσ will come to dominate over the
particular solution which is due to Jϕ. Although our
analysis will focus on this part of the solution, we will
also consider the inflaton source in order to verify that
our formalism reproduces previous results.
B. The Green Function
In this subsection we construct the Green function for
the master equation so that φ(2) may be determined in
terms of first order quantities. As discussed previously
we consider only the particular solution for φ(2) due to
the source J and neglect the solution to the homogeneous
equation, which is equivalent to assuming that the second
order fluctuations are zero before the source is turned on.
During a quasi-deSitter phase the master equation can be
written as
∂τ
[
(−τ)2(ǫ−η)∂τφ(2)k
]
+ (−τ)2(ǫ−η)
[
2
τ2
(η − 2ǫ) + k2
]
φ
(2)
k
= (−τ)2(ǫ−η)Jk(τ) (43)
where it is assumed that ǫ, η ≪ 1, and the differential
operator on the left hand side of the master equation
is written in a manifestly self-adjoint form. In deriving
(43) we used (19) and treated the slow roll parameter as
constant, which is consistent at first order in the slow roll
expansion. The causal Green function for this operator
is
Gk(τ, τ
′) =
π
2
Θ(τ − τ ′) (ττ ′)1/2+η−ǫ (44)
× [Jν(−kτ)Yν(−kτ ′)− Jν(−kτ ′)Yν(−kτ)]
where the order of the Bessel functions is ν ∼= 1/2+3ǫ−η
as in subsection III B.
The solution for the metric perturbation φ(2) can then
be written as
φ
(2)
k (τ) =
∫ 0
−(1+ǫ)/aiH
dτ ′Gk(τ, τ
′) (−τ ′)2(ǫ−η) Jk(τ ′)
(45)
where ai = a(ti) is the scale factor at the some initial
time, well before the tachyonic instability has set in. This
solution is quite general; it applies during any slow roll
phase, including during the tachyonic instability.
There are several interesting limiting cases of (44). In
the long wavelength limit k → 0 the Green function re-
duces to
Gk(τ, τ
′) = Θ(τ − τ ′)(1 + 2η − 6ǫ)[
−(−τ)1+2ǫ(−τ ′)2(η−2ǫ) + (−τ ′)1+2ǫ(−τ)2(η−2ǫ)
]
.
In the case of pure deSitter expansion ǫ = η = 0, but for
all k, the Green function reduces to
Gk(τ, τ
′) = Θ(τ − τ ′) 1
k
sin [k (τ − τ ′)] .
Finally, the form of the Green function in the case of
ǫ = η = 0 and k → 0 may be of some interest
Gk(τ, τ
′) = Θ(τ − τ ′)(τ − τ ′). (46)
C. The Gauge Invariant Curvature Perturbation
The curvature perturbation is expanded to second or-
der as
ζ = ζ(1) +
1
2
ζ(2)
9In hybrid inflation, where σ0 = 0, the first order contri-
bution comes entirely from the inflaton sector
ζ(1) = −φ(1) −Hδ
(1)ρ
ρ′0
where ρ0 = −(T 00 )(0), δ(1)ρ = −δ(1)T 00 are the unper-
turbed and first order stress tensor respectively. It is
also conventional to define the comoving curvature per-
turbation at first order
R(1) = φ(1) +Hδ
(1)ϕ
ϕ′0
which, on large scales, is related to ζ(1) as
R(1) + ζ(1) ∼= 0.
The definition of the first order curvature perturbation
is generally agreed upon in the literature (up to the sign
of ζ(1)). At second order, however, there are several def-
initions of the curvature perturbation in the literature
(see [46] for a comprehensive discussion). The definition
we adopt follows [40] and generalizes the definition of
Malik and Wands [41] (valid on large scales)
− ζ(2) = ψ(2) + H
ρ′0
δ(2)ρ− 2 H
(ρ′0)
2
δ(1)ρ δ(1)ρ′ (47)
− 2δ
(1)ρ
ρ′0
(
ψ′(1) + 2Hψ(1)
)
+
(δ(1)ρ)2
(Hρ′0)2
(
ρ′′0
Hρ′0
− H
′
H2 − 2
)
to multiple scalar fields. The definition of the curvature
perturbation adopted in [32] generalizes [6] to two scalar
fields. However, it has been shown that this definition
applies only during inflation [45, 46] since it is conserved
only in the slow roll limit.
Because σ0 = 0 the inflationary trajectory is straight
the case of hybrid inflation and ζ(1) is conserved on large
scales [42]-[45]. However, this is not the case at second
order [46] and one expects that ζ(2) will be amplified due
to the tachyonic instability. This amplification of ζ(2)
will continue until N = N⋆ at which point the backreac-
tion sets in and stops inflation. For N > N⋆ the inflaton
is no longer dynamical since all of its energy has been
converted into tachyon fluctuations. Thus for N > N⋆
the large scale curvature perturbation is conserved at all
orders in perturbation theory since only one field (the
tachyon) is dynamical and there are no non-adiabatic
pressures.
In [40] the second order large scale curvature pertur-
bation is written in terms of the first and second order
Sasaki-Mukhanov variables as
ζ(2) =
1
3− ǫ
1
(ϕ′0)
2
[
ϕ′0Q
′(2)
ϕ + a
2 ∂V
∂ϕ
Q(2)ϕ
]
+
1
3− ǫ
1
(ϕ′0)
2
[(
Q′(1)σ
)2
+ a2m2σ
(
Q(1)σ
)2]
+
1
3− ǫ
1
(ϕ′0)
2
[(
Q′(1)ϕ
)2
+ a2m2ϕ
(
Q(1)ϕ
)2]
+ 4(3 + ǫ− η)
(
3− 2ǫ
3− ǫ
)(H
ϕ′0
Q(1)ϕ
)2
+ (−10 + 2ǫ+ 2η)
(H
ϕ′0
Q(1)ϕ
)2
(48)
where the first order Sasaki-Mukhanov variables 5 are
Q(1)ϕ =
ϕ′0
HR
(1) (49)
Q(1)σ = δ
(1)σ (50)
and the second order Sasaki-Mukhanov variable is
Q(2)ϕ = δ
(2)ϕ+
ϕ′0
H ψ
(2)
+ (2 + 2ǫ− η)ϕ
′
0
H
(
φ(1)
)2
+ 2
ϕ′0
H2φ
(1)φ′(1) +
2
Hφ
(1)δ(1)ϕ′. (51)
In writing (48-51) we have restricted ourselves to hybrid
inflation, made use of the background equations and in-
serted ǫ, η (but not assuming slow roll).
The last four lines of (48) are relatively simple to eval-
uate in the large scale and slow roll limit. On the other
hand, the first line of (48) is somewhat more compli-
cated and its evaluation requires the second order Ein-
stein equations. Thus we focus here on the following
contribution to ζ(2)
ζ(2) ∋ 1
3− ǫ
1
(ϕ′0)
2
[
ϕ′0Q
′(2)
ϕ + a
2 ∂V
∂ϕ
Q(2)ϕ
]
. (52)
From the definition of Q
(2)
ϕ it is clear that this contains a
contribution of the form ϕ′0δ
(2)ϕ′+a2∂V/∂ϕ δ(2)ϕ which
also appears in the second order (0, 0) Einstein equa-
tion (B-1). We therefore use (B-1) to eliminate δ(2)ϕ
from (52). We also eliminate ψ(2) in favour of φ(2) using
(B-11). The result is that (52) takes the form
ζ(2) ∋ −φ
′(2)
ǫH −
(
1
ǫ
+ 1
)
φ(2) +
1
3− ǫ
∂k∂kφ
(2)
ǫH2
+
1
ǫH△
−1γ′ +△−1γ − 1
3− ǫ
1
ǫH2 γ
+
1
3− ǫ
Υ1
ǫH2 +
1
3− ǫ
(
Υ′4
ϕ′0
+
a2
(ϕ′0)
2
∂V
∂ϕ
Υ4
)
(53)
5 Notice that Q
(1)
ϕ is related to the variable V
(1) discussed in sub-
section III B by V (1) = aQ
(1)
ϕ .
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where the quantities Υ1, γ are constructed entirely from
first order fluctuations and are defined explicitly in ap-
pendix B in equations (B-2, B-3, B-5, B-6, B-8, B-9).
The quantity Υ4 is also contructed from first order fluc-
tuations and is defined as the last two lines of (51). That
is,
Υ4 = (2 + 2ǫ− η)ϕ
′
0
H
(
φ(1)
)2
+ 2
ϕ′0
H2φ
(1)φ′(1) +
2
Hφ
(1)δ(1)ϕ′. (54)
From (53) we see that the dependence of ζ(2) on the
second order fluctuations comes from the combination on
the first line of (53) which can be computed in terms of
the source using the Green function (44).
We split ζ(2) into contributions coming from the infla-
ton and the tachyon as
ζ(2) = ζ(2)ϕ + ζ
(2)
σ
and study each piece separately. This splitting is differ-
ent from the one discussed in [40], where the curvature
perturbation is defined for each fluid in such a way that
the total curvature perturbation is a weighted sum of the
individual contributions. Instead, we simply divide ζ(2)
into terms which depend respectively on the tachyon and
inflaton fluctuations, δ(1)σ and δ(1)ϕ, φ(1), which is only
possible because σ0 = 0.
The tachyon part of the curvature perturbation ζ
(2)
σ
gets contributions from the first and second line of
(48), both explicitly through Q
(1)
σ and implicitly through
δ(2)ϕ, ψ(2). The inflaton part of the curvature perturba-
tion ζ
(2)
ϕ contains contributions from the last three lines
of (48) as well as from the first line of (48), both implicitly
through δ(2)ϕ, ψ(2) and explicitly through the definition
of Q
(2)
ϕ .
The inflaton part of the curvature perturvation, ζ
(2)
ϕ
coincides with the ζ(2)of single field inflation and has
been derived previously [7, 47, 48]. We have considered
the construction of ζ
(2)
ϕ using our formalism and these
results are presented in appendix C.
D. The Tachyon Curvature Perturbation
We now consider the tachyon contribution to the sec-
ond order curvature perturbation ζ
(2)
σ . It is sourced by
Jσ which, in position space, takes the form (see equation
(B-16))
Jσ(τ, ~x) = a2κ2m2σ
(
δ(1)σ
)2
− 2κ2
(
δ(1)σ′
)2
+ 2κ2H(1 + η − ǫ)△−1∂i
(
δ(1)σ′∂iδ(1)σ
)
+ 4κ2△−1∂τ∂i
(
δ(1)σ′∂iδ(1)σ
)
− H(1 + 2ǫ− 2η)△−1γ′σ +△−1γ′′σ . (55)
The quantity γσ can be written in the form (see equation
(66) of [32], or equuivalently (B-15))
γσ = −κ2△−1
[
3∂i
(
∂k∂kδ
(1)σ∂iδ(1)σ
)
+
1
2
∂k∂k
(
∂iδ
(1)σ∂iδ(1)σ
)]
= −3κ2△−1∂i
(
∂k∂kδ
(1)σ∂iδ(1)σ
)
− κ
2
2
(
∂iδ
(1)σ∂iδ(1)σ
)
.
Notice that the terms in the first line of the (55) are lo-
cal, the terms in the second and third line are non-local
(containing an inverse laplacian△−1) and the fourth line
contains terms which are both local and doubly non-local
(containing △−2). The Fourier transforms of the source
terms are computed in appendix D wherein we also dis-
cuss our conventions for the inverse laplacian operators.
In the following, we will need the Fourier transform of
terms like △−1γσ,
F [△−1γσ] = −3κ2
k4
∫
d3k′
(2π)3/2
k′2k · (k − k′)δ(1)σ˜k′δ(1)σ˜k−k′
− κ
2
2k2
∫
d3k′
(2π)3/2
k′ · (k − k′)δ(1)σ˜k′δ(1)σ˜k−k′
This expression is operator-valued and can be written in
terms of annihilation/creation operators and mode func-
tions as δ(1)σ˜k = akξk(t) + a
†
−kξ−k(t) (see appendix D
for more details). In the Fourier transformed expression
for △−1γσ, the scale dependence of the mode functions
δ(1)σk is integrated over so that △−1γσ gets contribu-
tions from the tachyon fluctuations on all scales. The
large scale limit of terms like △−1γσ is not transparent
and therefore we do not neglect any terms in the tachyon
source which contain inverse Laplacians.
We now compute ζ
(2)
σ . The tachyon contribution to
ζ(2) comes about entirely through the implicit depen-
dence of δ(2)ϕ and ψ(2) on δ(1)σ in the first line of (48)
and the explicit dependence on the second line of (48).
Our focus is on the leading order contribution to ζ(2) in
the slow roll and large scale limit. If we work only to
leading order in the slow roll parameters it is sufficient
to use the Green function (44) in the limit ǫ = η = 0 and
keep only the terms in the tachyon source (55) which are
not slow-roll suppressed. However, to consistently com-
pute ζ
(2)
σ we must keep the next-to-leading order terms
in the small (k/H)2 expansion of the Green function. To
see this notice that powers of k2 cancel inverse Laplacians
in the source:
k2Jσk = −γ′′σ,k +Hγ′σ,k + · · ·
where · · · denotes gradient terms which are small on large
scales. In appendix B it is shown that γσ can be written
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on large scales as (B-14)
γσ ∼= 3κ
2
2
[(
δ(1)σ′
)2
− a2m2σ
(
δ(1)σ
)2]
− 3κ2△−1∂τ∂i
(
δ(1)σ′∂iδ(1)σ
)
− 6Hκ2△−1∂i
(
δ(1)σ′∂iδ(1)σ
)
.
Thus k2Jσk /H2 contains terms which are of the same
form as those which appear in Jσk (55) and hence these
terms must be included to consistently study ζ
(2)
σ on large
scales.
The curvature perturbation ζ(2) depends on φ(2)
through the combination −φ′(2)/ǫH − φ(2)/ǫ +
∂k∂kφ
(2)/3ǫH2 at leading order in slow roll param-
eters (53). Using the Green function for ǫ = η = 0
expanded up to order k2 we find that
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 =
1
ǫ
∫ 0
τi
dτ ′Θ(τ − τ ′)Jσk (τ ′)
×
[
τ ′ +
(
−1
6
τ ′3 +
5
6
τ2τ ′ − 2
3
τ3
)
k2
]
. (56)
Integrating (56) by parts6 and plugging the result into
(48) and (53) we find that on large scales
ζ(2)σ
∼= κ
2
ǫ
∫ τ
−1/aiH
dτ ′
[(
δ(1)σ′
)2
H(τ ′)
− H(τ
′)2
H(τ)3
((
δ(1)σ′
)2
− a2m2σ
(
δ(1)σ
)2)]
(57)
where the tachyon fluctuations δ(1)σ are functions of the
integration variable τ ′. The corrections to (57) are either
subleading in the slow roll expansion or are total gradi-
ents which can be neglected on large scales. Equation
(57) is the main result of this section. The interested
reader may find a more detailed discussion of our calcu-
lation of ζ
(2)
σ in appendix E.
It is interesting to contrast the simplicity of this result
with other previous computations of ostensibly the same
quantity [32]. Part of the difference is due to our different
definition of the second order curvature perturbation, but
one must also take considerable care in keeping all terms
which are of the same order in slow roll parameters and
6 This integration by parts will give rise to terms which are
evaluated between the initial and final time of the form
[· · · ]ττ ′=−1/aiH . Since we are interested in the preheating phase
during which the fluctuations are amplified exponentially we can
safely drop the contribution at τ ′ = −1/aiH relative to the con-
tribution at τ ′ = τ .
powers of k2 in order to obtain the delicate cancellations
that collapsed the sum of many terms down to this com-
pact form. Especially notable is the absence of nonlocal
terms (containing inverse Laplacians) in the final result,
which were quite prevalent in the intermediate steps. It
is an important consistency check that such terms dis-
appear in the end, since they do not respect causality.
For example, a term of the form △−1∂iδ(1)σ∂iδ(1)σ gives
rise to an acausal response to a source which is local-
ized in time and space. Consider a source of the form
δ(1)σ ∼ e−~x2/a2 which is turned on at some instant in
time. Then △−1∂iδ(1)σ∂iδ(1)σ ∼ 1/|~x| instantaneously,
at large distances, instead of being exponentially small.
This would be a clear violation of causality and is phys-
ically inadmissible.
To clarify, we have shown that at leading order in slow
roll parameters the nonlocal contributions to ζ
(2)
σ cancel.
We have not checked that such terms cancel at higher
order in the slow roll expansion, though we believe that
they do. This cancellation was not observed in previous
studies because the subleading (in k2) corrections to the
Green function were not included and thus the large scale
expansion was inconsistent.
A comment is in order concerning the long wavelength
approximation which we have used in deriving (57). In
writing the expression for k2Jσk we have dropped terms
which are total gradients even though such terms will be
integrated over time in computing ζ
(2)
σ , due to the time
integral in (45). Strictly speaking, one should only ap-
ply the large scale limit kτ ≪ 1 after the time integral
has been performed. The reason for this is that the time
integral extends from when the modes are well within
the horizon, where they oscillate, to when the modes are
outside the horizon, including horizon crossing. Mode-
mode coupling near the epoch of horizon crossing can
contribute momentum-dependent terms which are not
suppressed on large scales [7, 50]. However in our ap-
plication, we are justified in dropping the contributions
which are generated near horizon crossing since they are
exponentially suppressed compared those which are pro-
duced during the preheating phase.
E. Time-integrated tachyon perturbation
We can make our main result (57) more explicit by sub-
stituting in the solutions (35,37). The result is simplified
by taking the Fourier transform of ζ(2) and evaluating it
at vanishing external wave number, and at the final time
corresponding to the end of inflation, N = N∗:
ζ
(2)
k=0(N∗) =
κ2
ǫ
∫
d3p
(2π)3/2
(
ap bp a
†
p b−p + perms
)
×
∫ N∗
max(Np,Ni)
f(c,N,N∗) dN (58)
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where Ni denotes the value of N at the beginning of
inflation, f(c,N,N∗) is given by
f(c,N,N∗) = e
−3N+ 9
2c z
3/2
(1 + |z|)−1/2 ×[
9
4
(
1− e3(N−N∗)
) ∣∣∣∣√z − 1− 2c sign(z)27(1 + |z|)
∣∣∣∣
2
−
cNe3(N−N∗)
]
(59)
where z ≡ (1 + 49cN), and “perms” in (58) indicates the
three other combinations of ap bp and a
†
p b−p.
For illustration, we show the behavior of the function
f(c,N,N∗) for sample parameter values N∗ = 22.5 and
ln c = 1. Figure 4 plots (sign(f) ln(1 + |f |) as a func-
tion of N . The function is exponentially peaked at the
initial value N = Ni, and at the final value N = N∗.
Moreover it always becomes negative at N∗ because the
negative mass squared term in (59) comes to dominate.
Although it is not obvious in the figure, the negative value
is orders of magnitude larger than the positive maximum
just preceding it, so the negative extremum dominates
in the integral in (59). Whether the extremum at N∗ or
Ni dominates overall depends on how |3Ni| compares to
9/(2c)z3/2 evaluated at N∗.
Because of the exponential growth of f at its extrema,
it is a very good approximation to the integral to write
f = eg and expand g = gm+g
′
m(N−Nm) in the vicinity of
the maximum value, whether it is at Ni or N∗. Since the
integral is so strongly peaked near the extremum, there
is an exponentially small error in extending the range of
integration to the half-line. In this way one obtains∫
dN f ∼= e
gm
|g′m|
(60)
We will use this approximation below to numerically eval-
uate the integral.
V. BISPECTRUM AND SPECTRUM OF
SECOND ORDER METRIC PERTURBATION
Here we calculate the leading contribution to the three-
point function (bispectrum) of the second-order curva-
ture perturbation due to the tachyon,〈
ζ
(2)
k1
ζ
(2)
k2
ζ
(2)
k3
〉
≡ (2π)−3/2 δ(3)(~k1 +~k2+~k3)B(~k1, ~k2, ~k3)
(61)
It is understood that only the connected part of the cor-
relation function is computed, which is equivalent to sub-
tracting the expectation value of ζ(2) from the quantum
operator. This three-point function is straightforward to
compute, using the free-field two-point functions〈
δ(1)σ˜piδ
(1)σ˜qi
〉
= ξpiξqi δ
(3)(pi + qi) (62)
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FIG. 4: (sign(f) ln(1+ |f |) versus N , showing behavior of the
the function f defined in (59), for ln c = 1, N∗ = 22.5
Carrying out the contractions of pairs of fields which
contribute to the connected part of the bispectrum, one
finds eight terms, which in the limit of vanishing external
wave-numbers, are all equal. The result is
B = 8
κ6
ǫ3
∫
d 3p
(2π)3
|bp|6
[∫ N∗
max(Np,Ni)
dN f(c,N,N∗)
]3
(63)
The integrand of the p-integral is exponentially strongly
peaked, either near ln(p/
√
cH) ∼= Ni if f has its global
maximum near N = Ni, or else near ln(p/
√
cH) ∼= 0 if
f is dominated by its behavior near N∗. The logarithm
of the integrand for a typical case is shown in figure 5.
If the cusp-like peak is dominating, we can use the same
approximation as in (60) to evaluate the p integral, on
both sides of the maximum. If the other local maximum
at larger values of p is the global maximum, as sometimes
happens, then we should treat the integral as a gaussian,
since the derivative of the integrand vanishes at the max-
imum. In this case we similarly write the integrand of the
p integral as f = eg and expand g = gm +
1
2g
′′
m(p− pm),
where g′′m < 0; then (60) is replaced by
∫
dN f ∼=
√
2π
|g′′m|
egm (64)
We have carried out the evaluations numerically over a
range of values of ln c and N∗. In figure (6) we plot
contours of ln |B˜|, where B˜ is defined by
B =
e−6Ni
2π2
(
κ2
cǫ
)3
B˜ (65)
Although we evaluated B at vanishing external wave
numbers, ki = 0, the result is equivalent to evaluating
B at very small wave numbers closer to horizon crossing,
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FIG. 5: Log of the integrand of the p integral in eq. (63), for
a case where the maximum occurs near ln(p/
√
cH) = Ni .
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FIG. 6: Contours of ln |B˜|, defined in (65), in the plane of N∗
and ln c. Ni = −30 in this example.
ki ∼= HeNi. This is not immediately obvious, but one can
see that at very small p, the p integral in (63) behaves like∫
d3p/p9, which in the presence of nonvanishing external
wave numbers would be
∫
d3p p−3(p−k)−6 ∼ k−6. (This
claim is explicitly verified in appendix F.) However, (63)
does not diverge as k → 0; the p integral is cut off near
HeNi because of the lower limit max(Ni, Np) in the inte-
gral over N . If the lower limit were simply Np instead of
max(Ni, Np), the value of the N integral near its lower
limit would go like e3Np ∼ 1/p3 instead of eNi . Thus the
factor of e6Ni in (65) is a reflection of the fact that the
bispectrum (at least the part of it which is due to the
low-p part of the integral) is scale-invariant, B ∼ 1/k6,
for k > HeNi , but the infrared divergence is cut off for
k < HeNi, and the spectrum remains flat as k → 0.
A consequence of the above discussion is that the bis-
pectrum is scale-invariant only in the part of parameter
space where the low-N part of the N integral dominates,
namely the lower left-hand region of fig. (6). The upper
right-hand region of fig. (6) gets its dominant contribu-
tions from the large-p part of the p integral, which is not
infrared sensitive. The bispectrum really is flat as a func-
tion of k, for small k, in this region. Furthermore, B is
negative in this region, whereas it is positive in the other
region. This means there is a very narrow, fine-tuned
curve along which B vanishes, seen as the borderline be-
tween the two different behaviors. This is a region which
will always be allowed as long as no nongaussianity is ob-
served in the CMB, but since it is a set of measure zero
in the parameter space, we will not take it into account
in deriving limits below.
The boundary between the two regions in fig. (6) is
described analytically by the relation
3|Ni| = 9
2c
z
3/2
∗ (66)
with z∗ = 1 +
4
9cN∗. This where the two terms in the
exponent of f in (59), which determinant the dominant
behavior of f , just balance. In the region to the right,
where 92cz
3/2
∗ > 3|Ni|, which is also where B is indepen-
dent of ki, B is also independent of Ni. In the region to
the left, B depends principally on Ni through the factor
e−6Ni in (65). However there is some mild extra depen-
dence on Ni, as shown in figure (7).
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FIG. 7: Dependence of ln |B˜| onNi for N∗ = 25 and ln c = −2.
The smooth curve is the numerical fit ln |B˜| = −8.3−0.13Ni−
0.0007N2i .
To make contact with experimental constraints, we
want to compare the predicted bispectrum with that of
single-field inflation, where nongaussianity is convention-
ally expressed via a nonlinearity parameter fNL, defined
through
B(ki) = −6
5
fNL (Pφ(k1)Pφ(k2) + permutations) (67)
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where Pφ(k) is the usual inflationary power spectrum,
Pφ(k)
1/2 ∼ 10−5 (2π)/k3/2. If we assume that all ki are
the same, ki ∼= k, then
fNL = − 5
18
(2π)−41020B(k) k6 (68)
We can thus convert our predicted bispectrum into an
effective fNL, for which the present experimental con-
straint is roughly |fNL| < 100. To get the strongest
constraint, k should be evaluated at scales near hori-
zon crossing in the scale-invariant region of B, and at
the smallest relevant scales in the region where B is k-
independent. Since B(k) is evaluated at the end of in-
flation, the horizon-crossing scale is k ∼ He−Ne . On
the other hand, current experimental constraints on non-
gaussianity involve temperature multipoles of the CMB
going up to ℓ = 265 [51], which represents scales roughly
e5 times smaller than horizon-crossing. So we should use
k = e−Ne+5H in the region where B is constant at low
k. It turns out that this is the region of parameter space
where the experimental limit is saturated, so it is the
relevant case.
Using (65) in (68) and recalling that Ne = |Ni| + N∗
we find that
fNL = −e17.5−6N∗c−3B˜ (69)
where we used H2 = V/(3M2p ) as well as the COBE
normalization V/(ǫM4p ) = 6 × 10−7. The contours of
B˜ can thereby be converted into contours of fNL, and
demanding that |fNL| < 100 gives a constraint in the
parameter space c,N∗, Ni. The limiting curves are shown
for different values of Ni in figure 8. These curves are
quite insensitive to the actual value assumed for fNL,
because the effect turns on exponentially fast. The curves
for fNL = 1 are visually hard to distinguish from those
shown (for fNL = 100).
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FIG. 8: Boundaries of the regions excluded by the nongaus-
sianity constraint |fNL| < 100, in the plane of ln c and N∗,
for different values of Ni.
A. Constraint from tachyon contribution to
spectrum
The analogous calculation can also be carried out for
the tachyon contribution to the two-point function of the
curvature perturbation. We show that it gives a stronger
constraint than does nongaussianity.
Closely following the preceding calculation, it is
straightforward to show that, in the limit of vanishing
external wave numbers,〈
ζ
(2)
k1
ζ
(2)
k2
〉
con
= δ(~k1 + ~k2)×
2
κ4
ǫ2
∫
d 3p
(2π)3
|bp|4
[∫ N∗
Np
dN f(c,N,N∗)
]2
≡ δ(~k1 + ~k2)S(ki) (70)
In analogy to (65), we define7
S =
e−3Ni
4π2
H
c3/2
(
κ2
ǫ
)2
S˜ (71)
and we display contours of S˜ in fig. 9. Analogously to the
bispectrum, S is approximately scale-invariant (∼ 1/k3i )
in the left-hand region, but independent of k in the right-
hand region.
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FIG. 9: Contours of ln |S˜| in the plane of N∗ and ln c, at
Ni = −30.
The COBE normalization of the power spectrum im-
plies that
〈
ζ
(2)
k1
ζ
(2)
k2
〉
con
≤ 2π
2
k3
δ(~k1 + ~k2)Pζ (72)
7 The powers of H and c can be understood as follows: bp ∼
H−1/2c−3/4, whereas p ∼ √cH.
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with P1/2ζ ∼= 10−5. Combining this with (70) and (71),
we get an upper bound on the quantity
fL ≡ 10
20
(2π)3
H
c3/2
(
κ2
ǫ
)2
S˜ e−3Ni k3 < 1 (73)
where the strongest constraint is obtained by taking the
largest k values which are measured by the CMB. We will
conservatively take this to be k = e6He−Ne . Notice that
the tachyon fluctuations have a spectral index of n = 4
(defined by k3S ∼ kn−1) which is consistent with the
Traschen integral constraints [54]. Following the same
steps as we did for the bispectrum, this can be rewritten
as
fL = e
30−3N∗ c−3/2 S˜
{
1, 92cz
3/2
∗ > 3|Ni|
e−18, 92cz
3/2
∗ < 3|Ni|
}
< 1
(74)
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FIG. 10: Boundaries of the regions excluded by the spectral
constraint |fL| < 1, in the plane of ln c and N∗, for different
values of Ni. The corresponding constraints from fNL (fig. 8)
are shown as dotted lines.
One might consider being more conservative and im-
posing, say, |fL| < 0.01 rather than |fL| < 1, as we have
done. Our exclusion plots are actually quite insensitive
to the value assumed for fL, as was the case with fNL,
since the effect turns on exponentially fast.
VI. CONSTRAINTS ON HYBRID INFLATION
MODEL PARAMETERS
In the previous section we computed the effective non-
linearity parameter fNL which characterizes the size
of nongaussian fluctuations produced by tachyonic pre-
heating in the hybrid inflation model under consider-
ation. Experimentally, it is currently constrained as
|fNL| <∼ 100 [51], which is expected to improve to the
level of |fNL| < 5 from future experiments, like PLANCK
[9, 52]. Similarly, we defined a parameter fL which char-
acterizes the size of the second-order tachyonic contribu-
tion to the spectrum relative to the experimental value,
with the constraint |fL| < 1. These constraints were
most easily determined in terms of derived parameters c
and N∗, but here we want to recast them in terms of the
fundamental parameters of the hybrid inflation model,
the dimensionless couplings g and λ, and the VEV of the
tachyon field, expressed in the dimensionless combination
v/Mp. We do not treatm
2
ϕ as an independent parameter,
since we used the COBE normalization to eliminate it in
(24).
The only obstacle to working directly in the model
parameter space is the implicit dependence of N∗ on
(λ, g, v). We have numerically inverted the relation
depicted in fig. (3) to determine N∗(λ, g, v). It then
becomes straightforward to scan the model parameter
space, recomputing fL and fNL. We display the con-
straints in the plane of log10 g and log10 λ, for a range of
values of log10(v/Mp). In performing this scan, one must
keep track of whether various assumptions are respected.
These include eqs. (25) and (27), respectively correspond-
ing to the assumption that m2σ varies linearly with the
number of e-foldings, and that the vacuum energy den-
sity is dominated by λv4/4 during inflation. In addition
to these, we implement two others: we assume that (1)
the reheat temperature exceeds 100 GeV, so that baryo-
genesis can occur at least during the electroweak phase
transition; and (2) we limit ourselves to considering val-
ues c ≥ 10−4, which entails a lower limit on the coupling
g depending on v, eq. (40). This is a numerical limita-
tion, due to the difficulty of evaluating the integral (40)
for small c. However, analytic calculations can be done
in this region, which we have carried out in Appendix F,
as we describe below.
In the region where the condition (25), gv/Mp < 10
−5,
is not satisfied our analysis breaks down because the
tachyon mass m2σ varies exponentially rather than lin-
early with the number of e-foldings. However, we do not
expect that any significant nongaussianity will be gener-
ated in the region where c is too large because in this case
we will have had m2σ > H
2 for a significant number of e-
foldings before the instability sets in and the fluctations
of the tachyon will have a large exponential suppression.
However, to be conservative in our analysis we consider
the region where (25) is not satisfied as allowed by the
experimental constraints on fL, fNL. This is a rather
small sliver of parameter space, since the spectral index
contstraint (26) requires that gv/Mp < 5× 10−5.
Once a set of values for λ, g and v/Mp are chosen and
N∗ has been calculated, one must still determine Ni in
order to calculate the parameters fL and fNL. We do so
by first computing the total number of e-foldings using
the standard result
Ne = 62− ln
(
1016 GeV
V 1/4
)
− 1
3
ln
(
V 1/4
ρ
1/4
r.h.
)
(75)
where V ∼= λv4/4 is the energy density during inflation,
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and ρr.h. is the energy density at reheating. In the fol-
lowing, we will ignore the gravitino bound ρ
1/4
r.h.
<∼ 1010
GeV and assume instant reheating, ρr.h. = V . The value
of Ni then follows from Ni = N∗−Ne. We have checked
that incorporation of the gravitino bound does not create
a noticeable change in the excluded regions.
The resulting constraints are illustrated for the case
where v/Mp = 10
−3 in figure 11. The unshaded region is
excluded by our calculation of fL and fNL. The shaded
region on the right falls outside our approximation (25)
or the spectral index constraint (26), that on top fails to
satisfy (27), and the region on the bottom has too low a
reheat temperature. The region on the left has c < 10−4
and we were not able to treat it using the same numerical
methods, but we analyzed this region analytically in Ap-
pendix F. The tachyon mass is small throughout inflation
in this region, and gives rise to a scale-invariant spec-
trum of nongaussian fluctuations, unlike the excluded re-
gion shown in figure 11, which corresponds to a scale-
noninvariant contribution, with spectral index n = 4.
Nevertheless, the magnitude of nongaussianity in this re-
gion labeled, “also excluded,” exceeds the experimental
bounds.
FIG. 11: Unshaded region in the plane of log10 g and log10 λ
is excluded by the tachyon contribution to the second order
curvature perturbation, for v/Mp = 10
−3. Leftmost region is
also excluded by a separate analysis (Appendix F).
As was indicated in the previous section, we get a
stronger constraint from the spectrum, whose distortions
are parametrized by fL (73), than from nongaussian-
ity, parameterized by fNL. This is shown in figure 12,
which plots the contours for the constraints fL < 1 and
fNL < 100 again in the plane of log10 g and log10 λ, and
for v/Mp = 10
−3.
The size and position of the excluded region is rather
sensitive to the value of the VEV, v. We have varied
log10 v/Mp between −1 and −9 to show how the con-
straints change with v in figure 13. One sees that the
width of the excluded region for log10 g grows linearly
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FIG. 12: Closeup of the borderline region in figure 11, showing
that the spectral distortion (fL < 1, dashed line) provides the
stronger constraint, relative to nongaussianity (fNL < 100,
solid line).
with log10Mp/v, so the constraints are strongest at the
smallest values of v.
FIG. 13: Regions excluded by spectral distortion for
log10 v/Mp = −1,−3,−5,−7,−9, as labeled on the figure.
Note that for each v, the regions at smaller g are also ex-
cluded, but due to nongaussianity (Appendix F).
VII. IMPLICATIONS FOR
BRANE-ANTIBRANE INFLATION
We now consider what implications our analysis has
for the case of brane-antibrane inflation [55]-[60], which
is a string theoretic realization of hybrid inflation. In
17
this scenario inflation is driven by the interactions be-
tween a brane and antibrane which are parallel to the
three large dimensions and are initially separated in the
extra dimensions of string theory. The brane-antibrane
pair experiences an attractive force and move towards
each other with inflation ending when the branes collide
and annihilate. The role of the inflaton ϕ is played by
the interbrane separation while the field σ is the lightest
streched string mode between the brane and antibrane,
which develops a tachyonic mass when the separation be-
tween brane and antibrane becomes of order the string
scale.
The potential of brane-antibrane inflation is not am-
menable to the form (9) for several reasons:
• The inflaton potential typically has the Coulombic
form V ∼ A/ϕn, rather than the simple form V ∼
m2ϕϕ
2.
• The tachyonic field is complex, rather than real.
• The tachyon potential does not have its minimum
at a finite value of the σ field.
• The tachyon field is described by a Dirac-Born-
Infeld (DBI) action rather than a simple Klein-
Gordon action as we have assumed in this paper.
Here we will assume that these differences do not sig-
nificantly alter the analysis and leave a more detailed
investigation for the future. Specifically, this amounts
to assuming that the behavior of the two models will
be roughly the same if we match the quadratic parts of
their actions, as well as the cross-coupling between the
inflaton and the tachyon. Since the timescale for tachyon
condensation is given by
√
−m−2σ , one might hope that
the results are rather insensitive to the details of how the
tachyonic instability saturates at large field values.
In string theory the open string tachyon T between
a Dp-brane and antibrane, separated by a distance y is
described by the action [61]
Stac = −
∫
dp+1x
√−gL
L = V (T, y)
√
1 +M−2s gµν∂µT∂νT † (76)
where the small |T | expansion of the potential is
V (T, y) = τp
[
1 +
1
2
(
(Msy)
2
(2π)2
− 1
2
)
|T |2 (77)
+ O(|T |4) + · · ·
]
. (78)
In the above we have neglected the gauge fields and trans-
verse scalars on the branes. The coefficient of the |T |4
term in the potential is order unity and its exact nu-
merical value is unimportant for our estimates since the
potential V (T, y = 0) is minimized only at infinite T . A
potential of the form
V (T, y = 0) = τp e
−|T |2/a2
is typical. In the above Ms is the fundamental string
mass and τp is the Dp-brane tension. In order to obtain
order-of-magnitude estimates for the model parameters
λ, g, v of (9) it is sufficient to consider only the tachyon
part of the action (76) and neglect the inflaton poten-
tial. We restrict ourselves to inflation models driven by
D3-branes since inflation driven by higher dimensional
branes have problems with overclosure of the universe by
defect formation [62]. The D3-brane tension is given by
τ3 =
M4s
(2π)3gs
(79)
where gs is the string coupling.
A. The KKLMMT Model
Brane inflation models in torodial compactifications
are not realistic because the moduli which describe the
size and shape of the extra dimensions were assumed
fixed without specifying any mechanism for their sta-
bilization. Recently there has been significant progress
[58, 59] in reconciling brane inflation with modulus stabi-
lization using warped geometries with background fluxes
for type IIB vacua [63]. For our purposes the most im-
portant feature of these compactifications is the presence
of strongly-warped throats within the extra dimensions.
The compactification geometry within the throat is well
approximated by
ds2 = a(y)2gµνdx
µdxν + dy2 + y2dΩ25 (80)
where y is the distance along the throat, a(y) = e−ky
is the throat’s warp factor and dΩ25 is the metric on the
base space of the corresponding conifold singularity of
the underlying Calabi-Yau space [64]. In the subsequent
analysis we ignore the base space and treat the geometry
as AdS5.
A mobile D3-brane is placed near the UV end of the
throat y = 0 while an anti-D3-brane remains fixed at
some location near the IR end of the throat y = yi > 0.
The warp factor ai = a(yi) can be easily made much
less than unity by a suitable choice of background fluxes
and this large warping flattens the inflaton potential.
This large warping also suppresses the tachyon poten-
tial (effectively reducing the brane tension to a4i τ3). At
quadratic order, the tachyon action takes the form
S = −
∫
d4x
√−g
[
a4i τ3 +
a4i τ3
2
(
M2s y
2
(2π)2
− 1
2
)
|T |2
− a
2
i τ3
2M2s
|∂T |2
]
(81)
The effective values of the couplings can be found by
rewriting the action (81) in terms of the canonically nor-
malized fields σ = ai
√
τ3T/Ms and ϕ =
√
τ3y (see equa-
tions 3.6, 3.10 or C.1 in [58]), and then matching to the
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hybrid inflation potential (9). This gives the correspon-
dence
v =
ai
π3/2
Ms√
gs
λ =
π3
2
gs
g = ai
√
2πgs
Before trying to make a general investigation of the pa-
rameter space, we will examine the fiducial values which
were considered natural in [58]: ai = 2.5×10−4, gs = 0.1,
τ3/M
4
p = 10
−3. The COBE normalization also fixes the
inflationary energy scale to be Λ = 1.3×1014 GeV in this
model. One finds that these values imply
v
Mp
= 10−4.2, λ = 100.2, g = 10−3.7 (82)
By recomputing the excluded region in the λ-g plane for
this value of v/Mp, we find this point to be solidly ex-
cluded.
To get out of the excluded region, one should try to
achieve smaller values of g or larger values of v/Mp. One
can show from the above relations that
v
Mp
=
(
8
π6gs
)1/4
Λ
Mp
(83)
Since Λ is fixed by the COBE normalization, lowering
the string coupling is the only way to increase v/Mp.
Decreasing gs also has the desired effect of reducing g.
The other parameter we can adjust is the warp factor,
but there is not much leeway for decreasing ai because
the density contrast in this model is given by [58]
δH = C1N
5/6
e
(
τ3
M4p
)1/3
a
4/3
i (84)
where C1 is a constant, and Ne ∼= 60. (Lower values of
Ne would require lower values of Λ, which push v down,
contrary to what we want.) τ3 cannot be pushed above
the Planck scale, so ai can only be decreased by at most a
factor of 10−3/4. Although it also goes against the valid-
ity of the low-energy effective supergravity theory upon
which this model is based, in the interest of being conser-
vative when deriving constraints, we will consider values
of the warp factor which are this small. By scanning over
gs and ai, we find the allowed and excluded regions in the
plane of the warped string scale and the string coupling,
shown in figure (14). One consequence is an upper bound
on the string coupling,
gs < 10
−4.5 (85)
which is stringent, and smaller than normally expected.
Our bound differs from those found in [15], which also
considered the nongaussian perturbations produced by
FIG. 14: Allowed and excluded values of the warped string
scale and string coupling in the KKLMMT model, due to
tachyonic preheating. The fiducial point corresponding to
(82) is at (−1,−3.9), off the scale of this graph, but in the
excluded region.
tachyonic preheating. Their allowed regions are also ex-
pressed in the plane of Ms and gs, but differ markedly
from ours.
A caveat to this result is the potential for complica-
tions due to the peculiar form of the tachyon action (76)8.
The dynamics of the open string tachyon action is differ-
ent from the usual Klein-Gordon action which our anal-
ysis assumes. In the case of (76) the potential is mini-
mized at T =∞ and it takes an infinite amount of time
for the condensation to complete (and the quantum me-
chanical decay of the brane-antibrane system into closed
string states invalidates this classical description on a
time scale comparable to (aiMs)
−1). Thus the criterion
〈(δσ)2〉 ∼ v2 defines the limit of applicability of our anal-
ysis, rather than the end of the symmetry breaking pro-
cess. Moreover, the field theory (76) leads to finite-time
divergences in the spatial derivatives ∂iT near the core
of the topological defects where the field stays pinned at
T = 0 [62, 65], as well as finite-time divergences in the
second derivatives ∂i∂jT in regions where V → 0, called
caustics [66]. It is not clear how these peculiarities might
modify our estimate for fNL, but we plan to investigate
this in future work.
8 The inflaton is also described by a DBI action (though the po-
tential does not appear as a prefactor), however, slow roll ensures
that it will always be a good approximation to expand the square
root to obtain a standard kinetic term. In the case of the tachyon
this may not always be a good approximation, particularly dur-
ing the instability phase.
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VIII. CONCLUSIONS
We have carefully calculated the contribution from
tachyonic preheating to the spectrum and bispectrum of
the curvature perturbation in a model of hybrid inflation,
and derived constraints on the model parameters using
experimental limits on the power spectrum and nongaus-
sianity in the CMB. The tachyonic contribution to the
spectrum, which we parametrized by fL, has spectral in-
dex n = 4, and the experimental limit on fL turns out to
always be a stronger constraint than that coming from
nongaussianity. Thus we do not expect to see nongaus-
sian signals in future data sets, if hybrid inflation is the
underlying model. Rather, one should look for an ex-
cess of power at small scales to see the effects we have
investigated.
We have studied a simplified model of hybrid inflation,
in which the tachyon is a real scalar field. This model
is not viable as it stands, because domain walls will be
copiously produced at the end of inflation, and they will
quickly dominate the universe. We need to assume that
there are some small operators in the Lagrangian which
violate the symmetry σ → −σ, and make the domain
walls unstable. Although our results are strictly valid
only for hybrid inflation with real fields, we have made a
preliminary attempt to apply them to the warped brane-
antibrane inflation model, by matching the coefficients
of the lowest dimension operators in the corresponding
Lagrangians. To the extent that this is valid, we find an
interesting limit on the string coupling, gs < 10
−4.5.
One achievement of this work is our demonstration
that nonlocal contributions to the second order curvature
perturbation, as defined herein, vanish when care is taken
to consistently include all terms of a given order in the
slow-roll expansion. The nonlocal terms which appear at
intermediate steps when using the generalized longitudi-
nal gauge have been the bane of some previous attempts
to do similar calculations. They should not appear in
any physical quantities since they violate causality. Any
estimates made using the nonlocal terms are likely to
grossly overestimate perturbations on large scales, since
these terms are singular at small wave numbers.
Some readers may feel uneasy about an event at the
end of inflation being able to affect fluctuations whose
wavelength corresponds to the horizon at the beginning
of inflation. However, as has been emphasized in [28, 30],
there is no violation of causality here. Consider a collec-
tion of comoving observers who are within the horizon at
the beginning of inflation, but are about to lose causal
contact with each other. If they agree to set up pertur-
bations with small wavelengths in their Hubble patches
at the end of inflation, this will induce large-scale cor-
relations between different Hubble patches. Since the
tachyon field is synchronized across these different Hub-
ble patches it is able to amplify the large-scale perturba-
tions in a coherent way.
One avenue for future study is the more realistic class
of models where σ is complex and the defects which form
are cosmic strings instead of domain walls. However, this
is a much more technically difficult model to study than
the case of the real scalar. In the latter case, the VEV
of σ remains zero even during the tachyonic preheating
phase, because the field rolls in opposite directions on
either side of each domain wall, and the VEV averages
to zero. In the complex case, the modulus of σ grows
uniformly during preheating, and the randomly varying
phase is only a gauge degree of freedom. We can no longer
decouple the equations for the fluctuations of the metric
and the inflationary fields when σ has a VEV. It thus
remains an interesting question whether the realistic hy-
brid inflation model also gets significant nongaussianity
from tachyonic preheating [67].
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APPENDIX A: Generic Field in deSitter Space
In this appendix we review the solutions of the Klein-
Gordon equation in deSitter space [2, 39]. If we consider
the limit of deSitter space ǫ = η = 0 then ϕ0, H are
constant and both the tachyon and the inflaton first order
fluctuations satisfy an equation of the form
ξ¨k + 3Hξ˙k +
[
k2
a2
+m2ξ
]
ξk = 0 (A-1)
or, in terms of conformal time
ξ′′k + 2Hξ′k +
[
k2 + a2m2ξ
]
ξk = 0
where a = eHt = −1/Hτ and H = −1/τ . Defining
fk = aξk the equation simplifies to
f ′′k +
[
k2 +
1
τ2
(
m2ξ
H2
− 2
)]
fk = 0. (A-2)
This is the variable in terms of which the action is canon-
ically normalized. Choosing the Bunch-Davies vacuum
corresponds to normalizing the solutions so that [39]
fk(τ) ≈ e−ikτ/
√
2k (A-3)
on small scales k ≫ aH or equivalently −kτ ≫ 1. The
general solutions to (A-2) are
fk(τ) =
√−τ
[
c1(k)H
(1)
ν (−kτ) + c2(k)H(2)ν (−kτ)
]
(A-4)
where the order of the Hankel functions is ν =√
9/4−m2ξ/H2. This analysis makes no assumptions
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about the size of mξ/H and all the formulae we derive
are valid for arbitrary complex ν unless otherwise stated.
Notice that −τ ≥ 0 for all t so that the arguments of
the Hankel functions are always positive definite. We re-
cover the desired asymptotics (A-3) on −kτ ≪ 1 with
the choice
c1(k) =
√
π
2
exp
[
iπ
2
(
ν +
1
2
)]
, c2(k) = 0.
The solution becomes
fk(τ) =
√−πτ
2
exp
[
iπ
2
(
ν +
1
2
)]
H(1)ν (−kτ) (A-5)
or, in terms of cosmic time and the original field variable
ξk(t) =
1
2
√
π
a3H
exp
[
iπ
2
(
ν +
1
2
)]
H(1)ν
(
k
aH
)
.
(A-6)
To get an intuitive feel for this initial condition we con-
sider the asymptotic behaviour of (A-5) on large scales:
fk(τ) →
√−πτ
2
exp
[
iπ
2
(
ν +
1
2
)]
(A-7)
×
[
1
Γ(ν + 1)
(
−kτ
2
)ν
− iΓ(ν)
π
(
−kτ
2
)−ν]
as −kτ → 0. To simplify further we should focus on
either mξ/H > 3/2 or mξ/H < 3/2.
We consider a field which is heavy during inflation
mξ ≫ H so that ν ≈ imξ/H is pure imaginary. How
do the two terms in the square braces of (A-7) com-
pare? The functions (−kτ)imξ/H are oscillatory so the
relative magnitude of these two terms depends only on
the gamma function prefactors. Using the results (for β
real and arbitrary complex z)
Γ(1 + z) = zΓ(z), |Γ(1 + iβ)| =
√
πβ
sinh(πβ)
from the theory of gamma functions we find that for
mξ/H ≫ 1
∣∣∣∣ 1Γ(1 + imξ/H)
∣∣∣∣ ∼
√
H
2πmξ
exp
(πmξ
2H
)
,
|Γ(imξ/H)| ∼
√
2πH
mξ
exp
(
−πmξ
2H
)
so that the first term in the square braces on the second
line of (A-7) dominates at large mξ/H . Going back to
the original variable we find
|ξk| ∼ a−3/2 1
23/2
√
mξ
for mξ ≫ H
on large scales.
We consider now a field which is light during inflation
mξ ≪ H . In this case ν ≈ 3/2 is pure real and the
first term in the square braces in (A-7) goes to zero. We
recover the scale invariant spectrum
|ξk| ∼ H√
2k3
for mξ ≪ H (A-8)
on large scales, as expected.
Notice that for any value of mξ/H we have the small
scale asymptotics
|ξk| ∼ a−1 1√
2k
by constuction.
During inflation a(t) grows exponentially so that the
large scale fluctuations of any massive field are damped
as a−3/2 while the large scale fluctuations of any light
field are approximately constant. On small scales the
fluctuations of all fields get damped as a−1.
APPENDIX B: Perturbed Einstein Equations and
the Master Equation
Using Maple we have carefully verified the results
of [32] for the perturbed Einstein equations and the
master equation. Here we briefly review those results
relevent for the computation of ζ(2). We present only
the δ(2)G00 = κ
2δ(2)T 00 , ∂iδ
(2)Gi0 = κ
2∂iδ
(2)T i0 and
δijδ
(2)Gji = κ
2δijδ
(2)T ji equations since the second order
vector and tensor fluctuations decouple from this system.
In the case that σ0 = 0 the second order tachyon flucta-
tion δ(2)σ decouples from the inflaton and gravitational
fluctuations. Analogously to the first order fluctuations,
the Klein-Gordon equation for the inflaton fluctation at
second order δ(2)ϕ is not necessary to close the system
of equations. In the subsequent text we sometimes in-
sert the slow roll parameters ǫ and η explicitly though
we make no assumption that they are small. We also
introduce the shorthand notation m2ϕ = ∂
2V/∂ϕ2 and
m2σ = ∂
2V/∂σ2 and assume that ∂2V/∂σ∂ϕ = 0.
The second order (0, 0) equation is
3Hψ′(2) + (3− ǫ)H2φ(2) − ∂k∂kψ(2)
= −κ
2
2
[
ϕ′0δ
(2)ϕ′ + a2
∂V
∂ϕ
δ(2)ϕ
]
+Υ1 (B-1)
where Υ1 is constructed entirely from first order quanti-
ties. Dividing Υ1 into inflaton and tachyon contributions
we have
Υ1 = Υ
ϕ
1 +Υ
σ
1
where
Υϕ1 = 4(3− ǫ)H2
(
φ(1)
)2
+ 2κ2ϕ′0φ
(1)δ(1)ϕ′
− κ
2
2
(
δ(1)ϕ′
)2
− κ
2
2
a2m2ϕ
(
δ(1)ϕ
)2
− κ
2
2
(
~∇δ(1)ϕ
)2
+ 8φ(1)∂k∂kφ
(1) + 3
(
φ′(1)
)2
+ 3
(
~∇φ(1)
)2
(B-2)
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and
Υσ1 = −
κ2
2
[(
δ(1)σ′
)2
+
(
~∇δ(1)σ
)2
+ a2m2σ
(
δ(1)σ
)2]
. (B-3)
The divergence of the second order (0, i) equation is
∂k∂k
[
ψ′(2) +Hφ(2)
]
=
κ2
2
ϕ′0∂
k∂kδ
(2)ϕ+Υ2 (B-4)
where Υ2 = Υ
ϕ
2 + Υ
σ
2 is constructed entirely from first
order quantities. The inflaton part is
Υϕ2 = 2κ
2ϕ′0∂i
(
φ(1)∂iδ(1)ϕ
)
+ κ2∂i
(
δ(1)ϕ′∂iδ(1)ϕ
)
− 8∂i
(
φ(1)∂iφ′(1)
)
− 2∂i
(
φ′(1)∂iφ(1)
)
(B-5)
and the tachyon part is
Υσ2 = κ
2∂i
(
δ(1)σ′∂iδ(1)σ
)
. (B-6)
The trace of the second order (i, j) equation is
3ψ′′(2) + ∂k∂k
[
φ(2) − ψ(2)
]
+ 6Hψ′(2)
+ 3Hφ′(2) + 3(3− ǫ)H2φ(2)
=
3κ2
2
[
ϕ′0δ
(2)ϕ′ − a2 ∂V
∂ϕ
δ(2)ϕ
]
+Υ3 (B-7)
where Υ3 = Υ
ϕ
3 + Υ
σ
3 is constructed entirely from first
order quantities. The inflaton part is
Υϕ3 = 12(3− ǫ)H2
(
φ(1)
)2
− 6κ2ϕ′0φ(1)δ(1)ϕ′
+
3κ2
2
(
δ(1)ϕ′
)2
− 3κ
2
2
a2m2ϕ
(
δ(1)ϕ
)2
− κ
2
2
(
~∇δ(1)ϕ
)2
+ 3
(
φ′(1)
)2
+ 8φ(1)∂k∂kφ
(1) + 24Hφ(1)φ′(1)
+ 7
(
~∇φ(1)
)2
(B-8)
and the tachyon part is
Υσ3 = κ
2
[
3
2
(
δ(1)σ′
)2
− 1
2
(
~∇δ(1)σ
)2
− 3
2
a2m2σ
(
δ(1)σ
)2]
(B-9)
We now proceed to derive the master equation. Adding
(B-1) to the inverse laplacian of the time derivative of
(B-4) and then using (B-4) to eliminate δ(2)ϕ yields
ψ′′(2) − (1 + 2ǫ− 2η)Hψ′(2) +Hφ′(2)
− 2(2ǫ− η)H2φ(2) − ∂k∂kψ(2) = Υ1 +△−1Υ′2
− 2(2 + ǫ− η)H△−1Υ2. (B-10)
Notice that we have decoupled ψ(2) and φ(2) from the
inflaton perturbation δ(2)ϕ. It remains now to express
ψ(2) in terms of φ(2). To this end we subtract the in-
verse laplacian of (B-4) from (B-7) and again use (B-4)
to eliminate δ(2)ϕ which gives
∂k∂k
[
φ(2) − ψ(2)
]
= Υ3 − 3△−1Υ′2 − 6H△−1Υ2
or, equivalently
ψ(2) = φ(2) −△−1γ. (B-11)
Following the notation of [32] we have defined
γ = Υ3 − 3△−1Υ′2 − 6H△−1Υ2 (B-12)
which can be split into inflaton and tachyon components
γ = γϕ + γσ in an obvious fashion. Our Υ2 is related to
the quantities α, β defined in [32] by
Υ2 = κ
2β − α.
Now, using (B-11) to eliminate ψ(2) from (B-10) gives
the master equation
φ′′(2) + 2(η − ǫ)Hφ′(2) + [2(η − 2ǫ)H2 − ∂k∂k]φ(2)
= Υ1 +△−1Υ′2 − 2(2 + ǫ− η)H△−1Υ2 − γ
− (1 + 2ǫ− 2η)H△−1γ′ +△−1γ′′
Inserting explicitly the expression for γ (B-12) this can
be written as
φ′′(2) + 2(η − ǫ)Hφ′(2) + [2(η − 2ǫ)H2 − ∂k∂k]φ(2) = J
where the source is
J = Υ1 −Υ3 + 4△−1Υ′2 + 2(1− ǫ+ η)H△−1Υ2
+ △−1γ′′ − (1 + 2ǫ− 2η)H△−1γ′. (B-13)
We can split the source into tachyon and inflaton contri-
butions J = Jϕ + Jσ in the obvious manner, by taking
the tachyon and inflaton parts of Υ1,Υ2,Υ3, γ.
We now derive some results concering the tachyon
source terms which will be useful in the text. First we
consider the tachyon contribution to γ (B-12):
γσ = Υ
σ
3 − 3△−1∂τΥσ2 − 6H△−1Υσ2 .
Using equations (B-6) and (B-9) we can write this as
γσ = κ
2
[
3
2
(δ(1)σ′)2 − 1
2
∂iδ
(1)σ∂iδ(1)σ − 3
2
a2m2σ(δ
(1)σ)2
]
− 3κ2△−1∂τ∂i(δ(1)σ′∂iδ(1)σ)
− 6κ2H△−1∂i(δ(1)σ′∂iδ(1)σ) (B-14)
We now write γσ as
γσ = κ
2△−1
[
3
2
∂k∂k(δ
(1)σ′)2 − 1
2
∂k∂k(∂iδ
(1)σ∂iδ(1)σ)
− 3
2
a2m2σ∂
k∂k(δ
(1)σ)2 − 3∂τ∂i(δ(1)σ′∂iδ(1)σ)
− 6H∂i(δ(1)σ′∂iδ(1)σ)
]
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and, after some algebra, we have
γσ = κ
2△−1
[
−1
2
∂k∂k(∂iδ
(1)σ∂iδ(1)σ)
− 3∂i
(
δ(1)σ′′ + 2Hδ(1)σ′ + a2m2σδ(1)σ
)
∂iδ(1)σ
− 3
(
δ(1)σ′′ + 2Hδ(1)σ′ + a2m2σδ(1)σ
)
∂k∂kδ
(1)σ
]
The last two lines can be simplified using the equation of
motion for the tachyon fluctuation
δ(1)σ′′ + 2Hδ(1)σ + a2m2σδ(1)σ = ∂k∂kδ(1)σ
which gives
γσ = κ
2△−1
[
−1
2
∂k∂k
(
∂iδ
(1)σ∂iδ(1)σ
)
− 3∂i(∂k∂kδ(1)σ)∂iδ(1)σ − 3∂i∂iδ(1)σ∂k∂kδ(1)σ
]
= κ2△−1
[
−1
2
∂k∂k
(
∂iδ
(1)σ∂iδ(1)σ
)
− 3∂i
(
∂k∂kδ
(1)σ∂iδ(1)σ
)]
(B-15)
This result has also been derived in [32]. We now consider
the tachyon contribution to the source. We take
Jσ = Υσ1 −Υσ3 + 4△−1∂τΥσ2 + 2(1− ǫ+ η)H△−1Υσ2
+ △−1γ′′σ − (1 + 2ǫ− 2η)H△−1γ′σ
and, using (B-3), (B-6) and (B-9), we have
Jσ(τ, ~x) = a2κ2m2σ
(
δ(1)σ
)2
− 2κ2
(
δ(1)σ′
)2
+ 2κ2H(1 + η − ǫ)△−1∂i
(
δ(1)σ′∂iδ(1)σ
)
+ 4κ2△−1∂τ∂i
(
δ(1)σ′∂iδ(1)σ
)
− H(1 + 2ǫ− 2η)△−1γ′σ +△−1γ′′σ . (B-16)
APPENDIX C: The Inflaton Contribution to ζ(2)
In this appendix we consider the calculation of the in-
flaton part of the second order curvature perturbation
ζ
(2)
ϕ using results from appendix B and following closely
the calculation of the tachyon part of the second order
curvature perturbation which is discussed in subsection
IVD.
The first step to computing ζ
(2)
ϕ is to use the Green
function (44) to eliminate the dependence of ζ
(2)
ϕ on φ(2)
(from the first line of (48) which is equivalent to (53)) in
favour of φ(1), δ(1)ϕ. This procedure follows closely the
analysis of subsection IVD and in particular (56) still
holds though here we are interested only in the inflaton
part of the soucre Jϕ.
Having removed the explicit dependence of ζ(2) on the
second order metric perturbation φ(2) we next eliminate
φ(1), δ(1)ϕ in favour of ζ(1). Using the solution (22) and
the first order constraint equation (15) one may verify
that on large scales
ζ(1) ∼= −φ(1) − ϕ
′
0
H δ
(1)ϕ ∼= −1
ǫ
φ(1)
and
δ(1)ϕ ∼= ϕ
′
0
H
1
ǫ
φ(1) ∼= −ϕ
′
0
H ζ
(1).
On large scales the first order curvature perturbation is
approximately constant since [42]
ζ′(1) =
∂k∂k
ǫH φ
(1)
using the fact that σ0 = 0 (so that there are no
anisotropic stresses, whose absence guarantees the con-
servation of ζ(1) on super-Hubble scales). Thus on large
scales we have
δ(1)ϕ′ ∼= −(2ǫ− η)ϕ′0ζ(1).
It is straightforward to compute the last three lines of
(48) using the fact that Q
(1)
ϕ ≈ −ϕ′0ζ(1)/H and Q′(1)ϕ ≈
−(2ǫ− η)ϕ′0ζ(1) on large scales. The result is
ζ(2) ∋
[
1
3
(amϕ
H
)2
+ 2 + 2ǫ− 2η
]
(ζ(1))2 (C-1)
where we have dropped terms which are higher order in
slow roll parameters or which contain gradients. Notice
that the quantity (amϕ/H)2 is first order in the slow roll
expansion because
η ≈ 1
κ2
1
V
∂2V
∂ϕ2
=
1
κ2
m2ϕ
V
≈ 1
3
(amϕ
H
)2
.
To (C-1) we must add the contribution coming from the
fist line of (48) which can be written explicitly in terms of
first order quantities using equations (53) and (56). Here
we consider only the particular solution for φ(2) due to
the inflaton source Jϕ.
In order to compute Jϕ we first study the quantities
Υ1,Υ2,Υ3,Υ4, γ which are defined in appendix B. On
large scales and to leading order in slow roll we have
Υϕ1 ≈
[
12ǫ2 − ǫ
(amϕ
H
)2]
H2(ζ(1))2.
The quantity △−1Υϕ2 can be written as (see equation 39
of [32])
△−1Υϕ2 =
κ2
2
(ǫ − η)H(δ(1)ϕ)2 + 3H(φ(1))2 − 2φ(1)φ′(1)
+
2
ϕ′0
△−1
(
∂i∂
k∂kφ
(1)∂iδ(1)ϕ
+ ∂k∂kφ
(1)∂i∂
iδ(1)ϕ
)
.
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The inverse laplacians on the last two lines contribute
only to the momentum dependence of fϕNL which we ne-
glect. On large scales and in the slow roll limit we have
△−1Υϕ2 ≈ (4ǫ2 − ǫη)H(ζ(1))2 + · · ·
where the · · · denotes momentum dependent terms. On
large scales and in the slow roll limit we also have
Υϕ3 ≈
[
36ǫ2 − 3ǫ
(amϕ
H
)2]
H2(ζ(1))2.
The quantity Υ4 defined in (54) depends only on the
inflaton fluctuation and is given by
Υ4 = Υ
ϕ
4 ≈ (6ǫ2 − 2ǫη)
ϕ′0
H (ζ
(1))2
on large scales and in the slow roll limit. Using these
results one may readily verify that γϕ/H2 is third order
in slow roll parameters
γϕ ≈ O(ǫ3)H2(ζ(1))2.
Using these results one may verify that the only term
in (53) which contributes at lowest order in slow roll pa-
rameters is the term proportional to Υϕ1 /ǫH2. Thus, the
contribution to the second order curvature perturbation
due to the first line of (48) is
ζ(2)ϕ ∋
[
4ǫ− 1
3
(amϕ
H
)2]
(ζ(1))2.
Adding all the contributions together we find
ζ(2)ϕ ≈ (2− 2η + 6ǫ)(ζ(1))2.
The contribution 2(ζ(1))2 stems from using the Malik and
Wands [41] definition of the second order curvature per-
turbation. It can be related to the definition of Lyth and
Rodriguez [46] (which also agrees with Maldacena [7])
using
ζ(2) = ζ
(2)
LR + 2(ζ
(1))2.
The Lyth-Rodriguez curvature perturbation, due to the
inflaton up to second order, can thus be written as
ζϕLR = ζ
(1) − 3
5
fϕNL(ζ
(1))2
where
fϕNL =
5
6
(2η − 6ǫ).
In writing ζϕLR above we have suppressed the homoge-
neous k = 0 mode of ζ which should be subtracted to
ensure that 〈ζ〉 = 0. This result differs from previous
studies [7, 47] by a factor of two. The calculation of
[7, 47] takes into account the effect of nonlinear evolu-
tion aswell as the effect of computing the bispectrum in
the vacuum of the interacting theory, as opposed to the
vacuum of the free theory. Our calculation does not con-
sider the effect of the change in vacuum which is the same
order of magnitude. Thus we should not expect to repro-
duce exactly the results of [7, 47]. The change in vacuum
will not change the calculation of the tachyon part of the
curvature perturbation ζ
(2)
σ since ζ(1) does not depend on
δ(1)σ and hence contributions to ζσ due to the change in
vacuum will be higher than second order in perturbation
theory.
APPENDIX D: Fourier Transforms, Mode
Functions and Inverse Laplacians
We define the Fourier transform of some first order
quantity δf(t, ~x) by
δf(t, ~x) =
∫
d3k
(2π)3/2
ei
~k·~xδf˜k(t) (D-1)
δf˜~k(t) =
∫
d3x
(2π)3/2
e−i
~k·~xδf(t, ~x)
where the Hermiticity of δf(t, ~x) implies that δf˜k(t) =
δf˜−k(t)
† so that we can define
δf˜k(t) = akξk(t) + a
†
−kξ−k(t)
⋆ (D-2)
where ak is an operator and δfk(t) is a c-number valued
mode function. We then re-write the Fourier transform
as
δf(t, x) =
∫
d3k
(2π)3/2
[
akξk(t)e
ikx + a†−kξ−k(t)
⋆eikx
]
=
∫
d3k
(2π)3/2
[
akξk(t)e
ikx + a†kξk(t)
⋆e−ikx
]
.
In this form it is clear that ak is the usual creation oper-
ator satisfying [
ak, a
†
k′
]
= δ(3)(~k − ~k′)
and one should expect
ξk(τ) ≈ 1√
2k
e−ikτ
on small scales, which corresponds to the Bunch-Davies
vacuum ak|0〉 = 0. This is consistent with the usual
definition of the power spectrum in terms of the two-
point function
〈
0|δf2(t, ~x)|0〉 = ∫ d 3k
(2π)3
|ξk(t)|2
=
∫
dk
k
Pf (k)
so that
Pf (k) = k
3
2π2
|ξk(t)|2.
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We now discuss the Fourier transform of the tachyon
source. Typical terms in the source have the form
J (1)(t, ~x) = b(t)δf(t, ~x)δg(t, ~x),
J (2)(t, ~x) = b(t)△−1 [δf(t, ~x)δg(t, ~x)] ,
J (3)(t, ~x) = b(t)△−2 [δf(t, ~x)δg(t, ~x)]
where δf , δg are some first order quantities and b is con-
structed from zeroth order quantities. The Green’s func-
tion for the laplacian is defined as appropriate in the
absence of boundary surfaces
(△−1f)(t, ~x) =
∫
d3x′G(~x− ~x′)f(t, ~x′)
where
G(~x− ~x′) = − 1
4π
1
|~x− ~x′| .
In Fourier space we have
G(x, x′) =
∫
d 3k
(2π)3/2
eikxGk(x
′)
Gk(x
′) = − 1
(2π)3/2
e−ikx
′
k2
.
In Fourier space the souce terms contain convolutions
J
(1)
k (t) = b(t)(δf˜ ⋆ δg˜)k(t),
J
(2)
k (t) = −b(t)
1
k2
(δf˜ ⋆ δg˜)k(t),
J
(3)
k (t) = b(t)
1
k4
(δf˜ ⋆ δg˜)k(t).
where f˜k, g˜k are operator valued Fourier transforms de-
fined as in (D-1). These may be related to the mode
functions as (D-2). Finally, we have defined convolution
by
(δf˜ ⋆ δg˜)~k(t) =
∫
d3k′
(2π)3/2
δf˜~k′(t)δg˜~k−~k′(t)
APPENDIX E: Construction of The Tachyon
Curvature Perturbation
In this appendix we include technical details about the
contruction of ζ
(2)
σ using the Green function for the mas-
ter equation. For clarity we repeat some details which
are included in the text. We consider only contributions
to the equations which depend on the tachyon field and
we remind the reader that ζ(1) is independent of σ. The
second order curvature perturbation is (see (48-50))
ζ(2) =
1
3− ǫ
1
(ϕ′0)
2
[
ϕ′0Q
′(2)
ϕ + a
2 ∂V
∂ϕ
Q(2)ϕ
]
+
1
3− ǫ
1
(ϕ′0)
2
[(
δ(1)σ′
)2
+ a2m2σ
(
δ(1)σ
)2]
+ inflaton contributions (E-1)
where the second order Sasaki-Mukhanov variable is
Q(2)ϕ = δ
(2)ϕ+
ϕ′0
H ψ
(2)
+ inflaton contributions (E-2)
Inserting (E-2) into (E-1) and using the (0, 0) Einstein
equation (B-1) to eliminate the contribution ϕ′0δ
(2)ϕ′ +
a2∂V/∂ϕδ(2) ϕ gives
ζ(2)σ = −
φ′(2)
ǫH −
(
1
ǫ
+ 1
)
φ(2) +
1
3− ǫ
∂k∂kφ
(2)
ǫH2
+
1
ǫH△
−1γ′σ +△−1γσ −
1
3− ǫ
1
ǫH2 γσ (E-3)
where we have also eliminated ψ(2) in favour of φ(2)
using (B-11). Notice that using (B-1) introduces a
term proportional to Υσ1 to the curvature perturbation
which cancels the contribution proportional to (δ(1)σ′)2+
a2m2σ(δ
(1)σ)2 on the second line of (E-1) up to a gra-
dient term (~∇δ(1)σ)2 which can be neglected on large
scales. The result (E-3) is valid only on large scales but
we have not yet assumed slow roll. In (E-3) it is un-
derstood that φ(2) denotes only the particular solution
due to the tachyon source, Jσ. We now use the Green
function (44) to solve for φ(2) in terms of the tachyon
source (B-16). We work only to leading order in slow roll
parameters. We also work in the large scale limit. To
lowest order in ǫ, η and up to order k2 we can write
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 =
1
ǫ
∫ 0
τi
dτ ′Θ(τ − τ ′)Jσk (τ ′)
×
[
τ ′ +
(
−1
6
τ ′3 +
5
6
τ2τ ′ − 2
3
τ3
)
k2
]
(E-4)
using the Green function (44) and the relation (45).
Equation (E-4) allows us to eliminate the dependence
of ζ
(2)
σ on φ(2). At leading order in slow roll parameters
the tachyon source is (see (B-13))
Jσ = Υσ1 −Υσ3 + 4△−1∂τΥσ2 + 2H△−1Υσ2
+ △−1∂2τγσ −H△−1∂τγσ. (E-5)
We must now insert (E-5) into (E-4), perform numer-
ous integrations by parts, and then insert this result into
(E-3). We evaluate term-by-term the last line of (E-4).
The first contribution (the term proportional to k0) is
−φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋ −
1
ǫ
∫ τ
τi
dτ ′
Jσ(τ ′)
H(τ ′) .
Inserting (E-5), noting that H(τ ′) = −1/τ ′ at leading
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order in slow roll and integrating by parts gives
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋ −
1
ǫ
∫ τ
τi
dτ ′
Jσ(τ ′)
H(τ ′)
∼= 1
ǫ
∫ τ
τi
dτ ′
[
− Υ
σ
1
H(τ ′) +
Υσ3
H(τ ′) − 6△
−1Υσ2
]
+
1
ǫ
[
−4△
−1Υσ2
H −
△−1γ′σ
H
]
+ · · · (E-6)
where the terms under the dτ ′ integral are evaluated at
τ ′ while the terms in the square braces on the second
line are evaluated at τ . The · · · denotes constant terms
evaluated at τ = τi which arise from the integration by
parts. Since our interest is in the preheating phase during
which the fluctuations δ(1)σ are amplified exponentially
we can safely drop these constant terms.
The second contribution to the last line of (E-4) has
the form
−φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋
1
6ǫ
∫ τ
τi
dτ ′
k2Jσk
H(τ ′)3 .
In evaluating this we need only consider terms in k2Jσk
which are not suppressed on large scales. Using (E-5)
one may verify that
k2Jσk
∼= −γ′′σ,k +Hγ′σ,k (E-7)
on large scales (recall that Υσ2 is a gradient, see (B-6)) so
that we have
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋
1
6ǫ
∫ τ
τi
dτ ′
k2Jσk
H(τ ′)3
∼= 1
ǫ
∫ τ
τi
dτ ′
[
−2
3
Υσ3
H + 6△
−1Υσ2
]
+
[
− 1
6ǫ
γ′σ
H3 −
1
3ǫ
γσ
H2 + 2
△−1Υσ2
H
]
+ · · · (E-8)
Equation (E-7) shows why it was necessary to include
the k2 terms in the large scale expansion of the Green
function (E-4), noting that γσ may be written as (B-12)
and comparing to (E-5) we see that k2Jk contains terms
which are of the same size as those in Jk, on large scales.
Thus a consistent large scale expansion of ζ
(2)
σ requires
that we work up to order k2 in the expansion of the Green
function.
The third contribution to the last line of (E-4) is
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋ −
5
6ǫ
∫ τ
τi
dτ ′
k2Jσk
H(τ ′)H(τ)2
∼= 5
6ǫ
[
γ′σ
H3
]
+ · · · (E-9)
using the same procedure as above.
Finally, the fourth contribution to the last line of (E-4)
is
− φ
′(2)
k
ǫH −
φ
(2)
k
ǫ
− k
2φ
(2)
k
3ǫH2 ∋
2
3ǫ
∫ τ
τi
dτ ′
k2Jσk
H(τ)3
∼= − 2
3ǫ
1
H(τ)3
∫ τ
τi
dτ ′H(τ ′)2Υσ3
+
1
ǫ
[
2
△−1Υσ2
H +
2
3
γσ
H2 −
2
3
γ′σ
H3
]
+ · · · (E-10)
Summing up (E-6), (E-8), (E-9) and (E-10) and inserting
the result into (E-3) gives
ζ(2)σ
∼= 1
ǫ
∫ τ
τi
dτ ′
[
− Υ
σ
1
H(τ ′) +
1
3
Υσ3
H(τ ′)
− 2
3
H(τ ′)2
H(τ)3 Υ
σ
3
]
Now, using equations (B-3) and (B-9) we can write this
in terms of the tachyon fluctuation δ(1)σ as
ζ(2)σ
∼= κ
2
ǫ
∫ τ
−1/aiH
dτ ′
[(
δ(1)σ′
)2
H(τ ′) −
H(τ ′)2
H(τ)3
((
δ(1)σ′
)2
− a2m2σ
(
δ(1)σ
)2)]
(E-11)
APPENDIX F: The Adiabatic Approximation
Here we consider the construction of curvature per-
turbation in the case in which the tachyon mass varies
adiabatically and demonstrate explicitly that the result-
ing bispectrum is scale invariant. If the inflaton rolls
slowly enough then the tachyon mass will evolve in time
extremely slowly and will remain close to zero for a sig-
nificant number of e-foldings. We define the slow-roll
parameter for the σ field as
ησ = 4M
2
p
m2σ
λv4
= −8η
(
Mp
v
)2
N (F-1)
For example, if N∗ ∼ 30, then |ησ| has the same value at
the beginning and end of inflation. We will denote the
magnitude of the value of ησ at the end of inflation (and
preheating), t = tf , by
ηf = |ησ(tf )| (F-2)
The condition to have a slowly rolling tachyon during
2N∗ e-foldings of inflation is therefore
ηf < 1
=⇒ m2ϕ <
λv6
32N∗M4p
(F-3)
Combining this with the condition (24), it follows that
the coupling g must be extremely small if N∗ >∼ 1,
g <
10−4
N∗
v
Mp
(F-4)
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Note that a small coupling g does not require fine tuning
in the technical sense, since g2 is only multiplicatively
renormalized: β(g2) ∼ O(g2λ, g4)/(16π2). That is, if g
is small at tree level, loop corrections will not change its
effective value significantly. The bound (F-4) insures that
the tachyon will remain light compared to the Hubble
scale during N∗ e-foldings of inflation.
The combination of (F-4) and (27), eliminating g, gives
an upper limit the tachyonic mass scale required for the
consistency of our assumptions,
λv2 <
4× 10−7
N∗
M2p (F-5)
We now turn to the adiabatic approximation for the
tachyon mode functions. In this limit the tachyon mass
is varying adiabatically, so we can determine the behavior
of the fluctuations from the deSitter space solutions by
replacing the dependence on a constant tachyon mass
with time-varying one. The deSitter solutions for massive
fields are given in appendix A. We are interested in the
long-wavelength growing modes, which behave like
δ(1)σ(x) =
∫
d 3k
(2π)3/2
H√
2k3
(−kτ)ησeikx ak + h.c. (F-6)
in conformal time. Since ησ is slowly varying, we can
replace it with its time-dependent value (F-1), that is
ησ(τ) = 8η
M2p
v2
ln
a∗
a(τ)
(F-7)
Note that ln(a∗/a(τf )) = −N∗ at the end of inflation,
so ηf = 8ηN∗M
2
p/v
2. We can use (30), which is the cri-
terion for the end of tachyonic preheating and inflation,
to determine N∗ in terms of the parameters of the hy-
brid inflation model. Using (F-6), the dispersion can be
computed at the end of inflation, τ = τf
〈δ(1)σ2(x)〉 = H
2
4π2
∫ kf
k0
dk
k
(−kτ)2ησ (F-8)
=
H2
8π2ηf
(|k0τf |−2ηf − |kfτf |−2ηf ) ,
where ηf = |ησ(τf )| > 0. The infrared and ultraviolet
cutoffs are defined in the same way as is needed to make
the dispersion of the scale-invariant inflaton fluctuations
finite:9 |k0τi| = 1 at horizon crossing of the largest scale
modes visible today, so that |k0τf | = e−Ne with Ne ∼ 60
being the total number of e-foldings of the visible part of
inflation. Similarly |kfτf | = 1 at the end of inflation: kf
represents the last mode to cross the horizon before the
end of inflation. Even though the integral converges in
9 The first order inflaton contribution to the curvature perturba-
tion’s two-point function has the form 〈(ζ(1)ϕ (x))2〉 ∼
∫
d 3k/k3,
and also requires cutoffs
the absence of the cutoff, later on we will need to know
the correct behavior of (F-8) when ηf is small, which is
not correctly represented by the limit kmax →∞.
Eq. (F-8) can only describe the growth of the tachy-
onic fluctuations until eq. (30) is fulfilled, and the per-
turbative description breaks down. This signals the end
of inflation, and allows us to determine the number of
e-foldings during preheating, N∗, in terms of the funda-
mental parameters of the theory. Using (F-8) and (F-1),
the implicit relation
N∗ ∼= λv
6
64M4pm
2
φ
ln
[
1 + 768π2N∗
M6pm
2
ϕ
λ2v8
]
(F-9)
follows. Using the COBE normalization (24) to eliminate
mϕ, this can be rewritten in the form
N∗ ∼=
√
λv/Mp
15000Ne g
√
λ
ln
[
1 + 2× 106N∗g
√
λ
(
Mp√
λv
)3]
(F-10)
This can be solved iteratively on the computer; using an
arbitrary guess for N∗ and repeatedly evaluating (F-10)
gives a rapidly converging answer.
For consistency, we should check whether we have the
freedom to make N∗ >∼ 1 given other restrictions on the
parameters. From (27), g
√
λ > 230(
√
λv/Mp)
3, and tak-
ing Ne ∼ 60, we get an upper limit on N∗,
N∗ <∼ 10−7
M2p
λv2
(1 + 0.05 lnN∗) (F-11)
This would pose a problem for our scenario if it was
not possible to take λv2 to be sufficiently small, say
λv2/M2p
<∼ 10−8. However such a value is consistent with
the restriction (F-5), so there is no new constraint com-
ing from (F-8). This demonstrates that it is consistent
to assume that the tachyon remains light until the end of
inflation, provided that g is sufficiently small, eq. (F-4).
We now perform the time integral in the result (57)
using the knowledge of how δ(1)σ behaves in the long-
wavelength limit which will be of interest for cosmologi-
cal observables, (F-6). According to this result, δ(1)σ′ ∼
(ησ/τ)δ
(1)σ, whereas m2σa
2 ∼= m2σ/(H2τ2) = 3ησ. There-
fore, since we are working in the regime where the
tachyon is light, ησ < 1, the term with m
2
σ in (57) dom-
inates over the terms with time derivatives. Let τf be
the final time in the upper limit of integration in (57),
and τ∗ the time at which the tachyonic instability be-
gins. For concreteness, we will at first assume that there
are equal numbers of e-foldings (N∗ ∼ 30) before and
after this time, so that the slow-roll parameter for the
tachyon is time-antisymmetric, ησ(τi) = −ησ(τf ), since
this is the way of having a light tachyon during inflation
which minimizes the tuning of the tachyon mass. Chang-
ing variables to x = − ln(τ ′/τ∗), and writing ησ = −dx
with d = ηM2p/v
2, eq. (57) in Fourier space takes the
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form
ζ(2)σ (k)
∼= 3dκ
2
ǫ
∫
d 3p
(2π)3/2
(δ(1)σˆ)p (δ
(1)σˆ)k−p (F-12)∫ N∗
−N∗
dx |pτ∗|−dx|(k − p)τ∗|−dxe2dx
2+3(x−N∗) +O(d2)
where δ(1)σˆp is the part of δ
(1)σ˜p left after dividing
by the only time-dependent factor, (−pτ)ησ . In fact
δ(1)σˆ ∼ H/(2p3)1/2 is the perfectly scale-invariant part of
the perturbation, as far as its contribution to the power
spectra of fluctuations, while the (−pτ)ησ gives rise to
the small departures from scale invariance.
The integral (F-12) is dominated by contributions near
the final time, so one expects it to behave roughly like
the value of the integrand at x = N∗. By numerically
evaluating (F-12) and studying its dependences on N∗, d
and kτ∗, we are able to deduce the following semi-analytic
fit:
ζ(2)σ
∼= κ
2
ǫ
ηf
1 + ηf
e2ηfN∗
∫
d 3p
(2π)3/2
(δ(1)σˆ)p (δ
(1)σˆ)k−p
|pτ∗|−ηf |(k − p)τ∗|−ηf (F-13)
where ηf = |ησ(τf )| is the magnitude of the final value of
ησ. Notice that |pτ∗| = p/(a∗H), so that a mode which
crossed the horizon at the beginning of inflation (satis-
fying |pτi| = 1) would have |pτ∗| = e−N∗ . The second
order perturbation at these scales therefore grows by a
factor of e4ηfN∗ relative to scale-invariant perturbations,
assuming |k− p| ∼ p. This is the growth which is due to
the tachyonic instability. We remind the reader that this
growth saturates and our perturbative treatment breaks
down when δ(1)σ ∼ v/2, whereas initially δ(1)σ ∼ H , so
the result (F-13) is only valid when e4ηfN∗ <∼ v/H .
We can also consider a different case, when horizon
crossing occurs at the time τ∗, and then N∗ ∼ 60 instead
of 30. We find that the formula (F-13) is essentially un-
modified, because of the fact that the integral is domi-
nated by its late time behavior, so that the contributions
from the period τ < τ∗ are negligible. In this case, the
total growth in ζ
(2)
σ comes from the factor e2ηfN∗ and not
from |kτ∗|, since the latter is of order unity. Nevertheless
the total amount of growth in the two cases is the same,
∼ (e60ηf )2, and its range of applicability is limited by the
same factor (v/H)2.
We now calculate the leading contribution to the bis-
pectrum of the second-order curvature perturbation (61).
Since there is no momentum dependence in the result
(F-13) for ζ(2), this three-point function is straightfor-
ward to compute, using the massless free-field two-point
functions〈
δ(1)σˆpiδ
(1)σˆqi
〉
=
H2√
2|pi|3 2|qi|3
δ(3)(pi + qi) (F-14)
Carrying out the contractions of pairs of fields which
contribute to the connected part of the bispectrum, one
finds eight terms, which are compactly expressed in terms
of the wave numbers pi and qi = ki − pi:〈
ζ
(2)
k1
ζ
(2)
k2
ζ
(2)
k3
〉
con
= (2π)−9/2
∫ ∏
i
d3pi f(pi, ki)
×
[
δp1+p2(δq2+p3δq3+q1 + δq2+q3δp3+q1) (F-15)
+ δp1+q2(δp2+q3δp3+q1 + δp2+p3δq3+q1) + (pi ↔ qi)
]
where
f(pi, ki) = d∗|τ∗|−2ηf |pi|−3/2−ηf |ki− pi|−3/2−ηf (F-16)
and d∗ = H
2κ2ηfe
2ηfN∗/(2ǫ). Each triplet of delta func-
tions contains the factor δk1+k2+k3 expressing the trans-
lational invariance of the bispectrum. The remaining two
delta functions can be used to perform the integrals over
p1 and p2, leaving the p3 ≡ p integral.
The resulting bispectrum can be shown (with help from
Maple) to reduce to the sum of two terms,
B(~ki) = 4|τ∗|−6ηfd3∗
∫
d 3p
(2π)3
|p|−3−2ηf |p− k3|−3−2ηf(|p+ k2|−3−2ηf + |p+ k1|−3−2ηf ) (F-17)
This expression is manifestly symmetric under k1 ↔ k2,
but it can also be shown to be symmetric under inter-
change of any two ki’s by an appropriate shift of the
integration variable. The integral converges as p → ∞,
but since ηf > 0 by definition, it diverges with the small
power 1/pηf near p = 0, and we must introduce an in-
frared cutoff, k0, representing a scale a few e-foldings
beyond our present horizon. This procedure was also
necessary for the dispersion of the fluctuations 〈(δ(1)σ)2〉
in eq. (F-8). But unlike in (F-8), we must cut off the
integral not just for |p| < k0, but also for |p − k3| < k0,
|p+k1| < k0, and |p+k2| < k0. The physical reasoning is
however the same: there should be no observable effects
coming from fluctuations whose wavelength is far beyond
our present horizon.
By dimensional analysis, one can see that if all
wavenumbers have the same magnitude, ki = kkˆi, then
the bispectrum goes like k−6(1+ηf )|τ∗|
−6ηf
times a dimen-
sionless function of the directions, kˆi · kˆj , of k/k0 and
of ηf . For simplicity, we evaluate it at the symmet-
ric point kˆ1 = (−1/2,
√
3/2, 0), kˆ2 = (−1/2,−
√
3/2, 0),
kˆ3 = (0, 1, 0), where the three wave vectors form an equi-
lateral triangle. The integral is evaluated numerically to
obtain the result
B(~ki) ∼= 1
k6
f3(k/k0, ηf )
(
H2κ2ηfe
2ηfN∗
2π ǫ|kτ∗|2ηf
)3
(F-18)
We plot the function f3(k/k0, ηf ) in figure 15, which
shows strong sensitivity to the presence of the cutoff for
modes with k <∼ k0, but weak scale-dependence for modes
just a few e-foldings shorter in wavelength. Since observ-
able quantities should not be sensitive to the exact value
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of the cutoff, the region with ln(k/k0) > 1 is the physi-
cally relevant one. In this region, a reasonable fit to the
result for ηf <∼ 0.1 is given by
f3 ∼ 45
(
k
k0
)0.35
(F-19)
which is also plotted in figure 15. It is clear, then, that in
the case of an adiabatically varying tachyon mass there
is only a small breaking of scale invariance. This break-
ing of scale invariance can be neglected when evaluating
the bispectrum near k = k0, corresponding to the largest
presently observable scales. Our infrared cutoff is effec-
tively at wavelengths a few e-foldings larger than this
scale.
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FIG. 15: Log of f3(k/k0, ηf ) versus ln(k/k0) for several values
of ηf , and the large-k fit (F-19).
We have computed the nonlinearity parameter fNL
using the approach detailed in this appendix and have
found that large nongaussianity is produced for all values
of the parameters which are consistent with the assump-
tions we have made.
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